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 حول:
1 الزوايا الموجهة 

 

 

  



3►

⟵

⟵

1

 𝑢⃗  𝑣  𝑤⃗⃗ 

( 𝑢⃗ ; 𝑣 )

𝑥(𝑢⃗ ; 𝑣 )𝑥 + 2𝑘𝜋(𝑢⃗ ; 𝑣 )

𝑘 ∈ ℤ

]−𝜋; 𝜋]( 𝑢⃗ ; 𝑣 )

( 𝒖⃗⃗ ;  𝒗⃗⃗ ) = 𝒙

( 𝑢⃗ ; 𝑣 ) = 𝑥 + 2𝑘𝜋

𝜋−𝜋−𝜋 < 𝑥 + 2𝑘𝜋 < 𝜋

𝑘

(𝑢⃗ ; 𝑣 )

𝛼(𝑢⃗ ; 𝑣 )𝛼′(𝑢′⃗⃗  ⃗; 𝑣′⃗⃗  ⃗)

(𝑢⃗ ; 𝑣 )(𝑢′⃗⃗  ⃗; 𝑣′⃗⃗  ⃗)𝑘 ∈ ℤ

𝛼′ = 𝛼 + 2𝑘𝜋

𝛼′ − 𝛼2𝜋

  𝑢⃗  𝑣 

 (𝑢⃗ ; 𝑣 ) = 2𝑘𝜋 𝑢⃗  𝑣 

 (𝑢⃗ ; 𝑣 ) = 𝜋 + 2𝑘𝜋 𝑢⃗  𝑣 

الزوايا الموجهة
1

الزوايا الموجهة: تقايس

الارتباط الخطي في الزوايا الموجهة:
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(𝑘; 𝑘′) ∈ ℝ∗ 

𝑘𝑘′(𝑘𝑢⃗ ; 𝑘′𝑣 ) = (𝑢⃗ ; 𝑣 ) 

𝑘𝑘′(𝑘𝑢⃗ ; 𝑘′𝑣 ) = (𝑢⃗ ; 𝑣 ) + 𝜋

( 𝑢⃗ ; 𝑣 ) = (𝑢⃗ ; 𝑤⃗⃗ ) + (𝑤⃗⃗ ; 𝑣 )

(𝑢⃗ ; 𝑣 ) = −(𝑣 ; 𝑢⃗ )(−𝑢⃗ ;−𝑣 ) = (𝑢⃗ ; 𝑣 )

(−𝑢⃗ ; 𝑣 ) = (𝑢⃗ ; 𝑣 ) + 𝜋(𝑢⃗ ; −𝑣 ) = (𝑢⃗ ; 𝑣 ) + 𝜋

𝐴𝐵𝑀(𝐶)𝑂

( 𝑂𝐴⃗⃗ ⃗⃗  ⃗;  𝑂𝐵⃗⃗ ⃗⃗  ⃗) = 2( 𝑀𝐴⃗⃗⃗⃗ ⃗⃗  ;  𝑀𝐵⃗⃗ ⃗⃗ ⃗⃗  )

علاقة شال:

الزاوية المحيطية
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𝟑𝝅

𝟐
𝝅

𝝅

𝟐

𝝅

𝟑

𝝅

𝟒

𝝅

𝟔
𝟎𝒙

−𝟏01√3

2

√2

2

1

2
0𝐬𝐢𝐧 𝒙

𝟎−10
1

2
√2

2

√3

2
1𝐜𝐨𝐬 𝒙

حساب المثلثات
2

• cos(−𝑥) = cos 𝑥

• sin(−𝑥) = − sin 𝑥• cos(𝜋 + 𝑥) = −cos  𝑥

• cos(𝜋 − 𝑥) = −cos  𝑥

• sin (
𝜋

2
+ 𝑥) = cos  𝑥

• sin (
𝜋

2
− 𝑥) = cos 𝑥

• cos (
𝜋

2
+ 𝑥) = − sin  𝑥

• cos (
𝜋

2
− 𝑥) = sin 𝑥

• sin(𝜋 + 𝑥) = − sin 𝑥

• sin(𝜋 − 𝑥) = sin 𝑥
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𝑥 ∈ ℝ

•  −1 ≤ cos2 𝑥 < 1

•  −1 ≤ sin2 𝑥 < 1

• sin 𝑥2 + cos 𝑥2 = 1

• cos 2𝑥 = cos2 𝑥 − sin2 𝑥 

= 2 cos2 𝑥 − 1 

= 1 − 2 sin2 𝑥

• sin 2𝑥 = 2 sin 𝑥 cos 𝑥

• 2 cos2 𝑥 = 1 + cos 2𝑥

• 2 sin2 𝑥 = 1 − cos 2𝑥

• cos(𝑥 − 𝑦) = cos 𝑥 cos 𝑦 + sin 𝑥 sin 𝑦

• cos(𝑥 + 𝑦) = cos 𝑥 cos 𝑦 − sin 𝑥 sin 𝑦

• sin(𝑥 − 𝑦) = sin 𝑥 cos 𝑦 − cos 𝑥 sin 𝑦

• sin(𝑥 + 𝑦) = sin 𝑥 cos 𝑦 + cos 𝑥 sin 𝑦

𝑘 ∈ ℤ

• cos 𝑥 = 1 ⟹ 𝑥 = 2𝑘𝜋 • sin 𝑥 = 1 ⟹ 𝑥 =
𝜋

2
+ 2𝑘𝜋

• cos 𝑥 = 0 ⟹ 𝑥 =
𝜋

2
+ 𝑘𝜋• sin 𝑥 = 0 ⟹ 𝑥 = 𝑘𝜋 

• cos 𝑥 = −1 ⟹ 𝑥 = 𝜋 + 2𝑘𝜋• sin 𝑥 = −1 ⟹ 𝑥 = −
𝜋

2
+ 2𝑘𝜋 

 

(𝑜; 𝑖 , 𝑗 )𝑀𝑂

 𝑀(𝑥; 𝑦)𝑀 

 𝑀(𝑟; 𝜃)𝑀𝑟 = 𝑂𝑀𝜃 = ( 𝑖 ; 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  ) 

𝑟 = √𝑥2 + 𝑦2𝑥 = 𝑟 cos 𝜃𝑦 = 𝑟 sin 𝜃

 الاحداثيات القطبية والديكارتية
3 

 والديكارتيةالاحداثيات القطبية العلاقة بين 
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 cos 𝑎 = cos 𝑏 ⟹ {
𝑎 = 𝑏 + 2𝑘𝜋    
𝑎 = −𝑏 + 2𝑘𝜋

  sin 𝑎 = sin 𝑏 ⟹ {
𝑎 = 𝑏 + 2𝑘𝜋        
𝑎 = 𝜋 − 𝑏 + 2𝑘𝜋

 

 cos 𝑥 = 𝑎 

 𝑎 ∉ [𝑎; 𝑏]ℝ 

 𝑎 ∈ [𝑎; 𝑏] 

1. 𝑏cos 𝑏 = 𝑎 

2. {
𝑥 = 𝑏 + 2𝑘𝜋   
𝑥 = −𝑏 + 2𝑘𝜋

 

 sin 𝑥 = 𝑎 

 𝑎 ∉ [𝑎; 𝑏]ℝ 

 𝑎 ∈ [𝑎; 𝑏] 

1. 𝑏sin 𝑏 = 𝑎 

2. {
𝑥 = 𝑏 + 2𝑘𝜋        
𝑥 = 𝜋 − 𝑏 + 2𝑘𝜋

 

 cos 𝑎 = sin 𝑏 

 𝑠𝑖𝑛𝑐𝑜𝑠sin 𝑏 = cos (
𝜋

2
− 𝑏)

cos 𝑎 = cos (
𝜋

2
− 𝑏)cos 𝑎 = cos 𝑏 

 𝑐𝑜𝑠𝑠𝑖𝑛

cos  𝑎 = sin (
𝜋

2
+ 𝑎)

cos 𝑎 = sin (
𝜋

2
+ 𝑎)sin 𝑎 = sin 𝑏

cos  𝑎 = sin (
𝜋

2
− 𝑎)

cos 𝑎 = sin (
𝜋

2
− 𝑎)sin 𝑎 = sin 𝑏

 المعادلات المثلثية
4 



 

 

 

 

 

 

 

 

 

 

 :متوعة تمارين  
2 مرفقة بحلول مفصلة 
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(𝐶)(𝑜; 𝑖 , 𝑗 )𝐴𝐵(𝐶)

( 𝑂𝐼⃗⃗⃗⃗ ;  𝑂𝐵⃗⃗ ⃗⃗  ⃗) =
3𝜋

4
        ( 𝑂𝐼⃗⃗⃗⃗ ;  𝑂𝐴⃗⃗ ⃗⃗  ⃗) =

𝜋

6

A ( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐴⃗⃗ ⃗⃗  ⃗)B ( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐵⃗⃗ ⃗⃗  ⃗)C ( 𝑂𝐴⃗⃗ ⃗⃗  ⃗;  𝑂𝐵⃗⃗ ⃗⃗  ⃗)

(𝑢⃗ ; 𝑣 )𝛼

A 𝛼 = 2007𝑟𝑎𝑑B 𝛼 =
14𝜋

3
C 𝛼 = −

35𝜋

2

𝛼

A 𝛼 = −
189𝜋

4
B 𝛼 =

65𝜋

8

C 𝛼 =
721𝜋

5
D 𝛼 =

2007𝜋

3

A 
41𝜋

8

9𝜋

8

B 
1924𝜋

5
 −

4𝜋

5
 

𝐴𝐵𝐶𝐷𝐷𝐶 = 𝐴𝐷𝐴𝐵 = 𝐴𝐶

A (𝐵𝐴⃗⃗⃗⃗  ⃗; 𝐵𝐶⃗⃗⃗⃗  ⃗)B (𝐴𝐷⃗⃗ ⃗⃗  ⃗; 𝐴𝐶⃗⃗⃗⃗  ⃗)

C (𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐵𝐴⃗⃗⃗⃗  ⃗)D (𝐵𝐴⃗⃗⃗⃗  ⃗; 𝐴𝐷⃗⃗ ⃗⃗  ⃗)

 

 01التمرين 

 02التمرين 

 03التمرين 

 04التمرين 

 05التمرين 
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𝐴𝐵𝐶𝐷(𝐴𝐵⃗⃗⃗⃗  ⃗; 𝐴𝐷⃗⃗ ⃗⃗  ⃗) = −
𝜋

2
𝐸𝐴𝐵𝐶𝐷𝐸𝐶𝐷

𝐹𝐴𝐵𝐶𝐷𝐴𝐹𝐷

A 𝐴𝐵𝐹 

B (𝐹𝐵⃗⃗⃗⃗  ⃗;  𝐹𝐴⃗⃗⃗⃗  ⃗)

C (𝐷𝐸⃗⃗ ⃗⃗  ⃗;  𝐷𝐹⃗⃗ ⃗⃗  ⃗)(𝐹𝐷⃗⃗⃗⃗  ⃗;  𝐹𝐸⃗⃗⃗⃗  ⃗)

D (𝐹𝐵⃗⃗⃗⃗  ⃗;  𝐹𝐸⃗⃗⃗⃗  ⃗)

E 𝐸𝐹𝐵

𝐴𝐵𝐶𝐷𝐴𝐶𝐸(𝐶)𝐷𝐷𝐶

 06التمرين 

 07التمرين 
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A ( 𝐷𝐴⃗⃗ ⃗⃗  ⃗; 𝐷𝐶⃗⃗⃗⃗  ⃗)(𝐸𝐴⃗⃗⃗⃗  ⃗; 𝐸𝐶⃗⃗⃗⃗  ⃗)

B 𝐸𝐷𝐶𝐸𝐷𝐴

C (𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐷𝐸⃗⃗ ⃗⃗  ⃗)(𝐷𝐸⃗⃗ ⃗⃗  ⃗; 𝐷𝐴⃗⃗ ⃗⃗  ⃗)

D (𝐷𝐵⃗⃗⃗⃗⃗⃗ ; 𝐷𝐶⃗⃗⃗⃗  ⃗) + (𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐷𝐸⃗⃗ ⃗⃗  ⃗) = 𝜋

E 𝐸𝐷𝐵

A cos (
9𝜋

4
)B sin (

25𝜋

6
)

cos (−
31𝜋

3
) C sin (−

11𝜋

3
)D 

A cos 𝑥

𝜋

2
< 𝑥 <

3𝜋

2
     sin 𝑥 =

3

5

B 𝑥10−2

A cos (
11𝜋

6
)B sin (−

7𝜋

3
)

cos (
7𝜋

12
) =

√2 − √6

4
sin (

7𝜋

12
)

cos (
13𝜋

12
)cos (−

𝜋

12
)

√3 + 2

4
= (

√3 + √6

4
)

2

(𝑂; 𝑖 , 𝑗 )

A (2;
19𝜋

3
)𝐴(𝑂; 𝑖 )𝐴

B 𝐵(−√3;−1)𝐵

(𝑂; 𝑖 )

 08التمرين 

 09التمرين 

 10التمرين 

 11التمرين 

 12التمرين 
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(𝑂; 𝑖 , 𝑗 )

𝐴 (1;
𝜋

6
)𝐵 (2;−

5𝜋

6
)𝐶 (3;

𝜋

6
)𝐷 (4;

𝜋

2
)

ℝ𝑥

A cos 𝑥 =
√3

2
B sin 𝑥 = −

1

2

(𝑢⃗ ; 𝑣 )−
𝜋

3

A (𝑣 ; 𝑢⃗ )B (5𝑢⃗ ; 3𝑣 )

C (−6𝑢⃗ ; 5𝑣 )D (2𝑣 ; −𝑢⃗ )

cos 𝑥sin 𝑥𝑥

A 𝑥 = −
945𝜋

2
B 𝑥 =

−5𝜋

6

C 𝑥 =
−17𝜋

4
D 𝑥 =

2𝜋

3

A 𝐴 = sin 𝑥 + cos(𝜋 − 𝑥) + cos(𝜋 + 𝑥)

B 𝐵 = sin 𝑥 + sin(𝜋 − 𝑥) + sin (
𝜋

2
− 𝑥) − cos 𝑥

C 𝐶 = sin (
3𝜋

2
− 𝑥) + sin(𝑥 + 5𝜋) + cos (

𝜋

2
− 𝑥)

D 𝐷 = cos(𝜋 − 𝑥) − cos 𝑥 + sin(𝜋 + 𝑥) + cos (𝑥 +
7𝜋

2
)

E 𝐸 = sin(𝜋 + 𝑥) + cos (
𝜋

2
+ 𝑥) + cos(𝜋 − 𝑥) + sin (𝑥 +

𝜋

4
)

F 𝐹 = tan(𝜋 + 𝑥) + tan (2𝑥 −
𝜋

2
) + cotan(2𝑥)

 13التمرين 

 14التمرين 

 15التمرين 

 16التمرين 

 17التمرين 



 

13►
 

𝑥

A sin (
5𝜋

2
+ 𝑥) − 2 cos (

21𝜋

2
− 𝑥) − 3 sin(𝑥 − 3𝜋) + sin (

3𝜋

2
+ 𝑥) = sin 𝑥

B cos 𝑥 + cos (𝑥 +
2𝜋

3
) + cos (𝑥 +

4𝜋

3
) = 0

C sin 𝑥 + sin (𝑥 +
2𝜋

3
) + cos (𝑥 +

4𝜋

3
) = 0

D 
sin2 𝑥 − sin4 𝑥

cos2 𝑥 − cos4 𝑥
= 1

𝐼

A cos 𝑥 =
1

2
𝐼 = ]−𝜋; 𝜋]

B cos 𝑥 − 2 = 0𝐼 = ℝ

C sin 𝑥 =
√3

2
𝐼 = ]−𝜋; 𝜋]

D 2 cos 2𝑥 = −√2𝐼 = [0; 2𝜋[

E cos2 𝑥 =
1

2
𝐼 = ℝ

F 2√2 sin 𝑥 + 2 = 0𝐼 = [−
𝜋

2
;
5𝜋

2
]

G cos 2𝑥 = cos (𝑥 −
𝜋

3
)𝐼 = ℝ

H cos 𝑥 (√2 sin 𝑥 − 1) = 0𝐼 = [−𝜋; 2𝜋[

𝐼

A cos 𝑥 ≤
1

2
𝐼 = ]−𝜋; 𝜋]

B 2 sin 𝑥 + √3 ≤ 0𝐼 = [0; 3𝜋]

C cos 𝑥 >
√2

2
𝐼 = ]−

𝜋

2
; 2𝜋]

D −2 cos 2𝑥 + √3 ≤ 0𝐼 = [0; 2𝜋[

E 2 sin (2𝑥 −
𝜋

6
) − 1 ≤ 0𝐼 = ]0; 𝜋]

F √2 sin 𝑥 + 1 > 0𝐼 = [−
𝜋

2
;
5𝜋

2
]

 18التمرين 

 19التمرين 

 20التمرين 
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ℝ

A cos 𝑥 = sin 𝑥

B sin (𝑥 +
𝜋

6
) = cos (2𝑥 +

𝜋

3
)

C cos (𝑥 −
𝜋

4
) = sin (3𝑥 +

𝜋

3
)

 

 

 

 

 

 

 

 

 بالتوفيق 

 ♥لا تنسونا من صالح دعائكم  ♥

 الأستاذ: قويسم براهيم الخليل 

 

 

 21التمرين 



 

 

 

 

 

 

 

 

 

 تمارين:حلول ال 
3   مفصلة مقترحةحلول 
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 ( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐴⃗⃗ ⃗⃗  ⃗)

( 𝑂𝐼⃗⃗⃗⃗ ;  𝑂𝐴⃗⃗ ⃗⃗  ⃗) + ( 𝑂𝐴⃗⃗ ⃗⃗  ⃗;  𝑂𝐽⃗⃗⃗⃗ ) =
𝜋

2
⟹ −( 𝑂𝐴⃗⃗⃗⃗  ⃗;  𝑂𝐽⃗⃗⃗⃗ ) = ( 𝑂𝐼⃗⃗⃗⃗ ;  𝑂𝐴⃗⃗ ⃗⃗  ⃗) −

𝜋

2
 

⟹ ( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐴⃗⃗ ⃗⃗  ⃗) = ( 𝑂𝐼⃗⃗⃗⃗ ;  𝑂𝐴⃗⃗ ⃗⃗  ⃗) −
𝜋

2
 

⟹ ( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐴⃗⃗ ⃗⃗  ⃗) =
𝜋

6
−
𝜋

2

⟹ ( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐴⃗⃗ ⃗⃗  ⃗) = −
𝜋

3

 ( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐵⃗⃗ ⃗⃗  ⃗)

( 𝑂𝐼⃗⃗⃗⃗ ;  𝑂𝐵⃗⃗ ⃗⃗  ⃗) = ( 𝑂𝐼⃗⃗⃗⃗ ;  𝑂𝐽⃗⃗⃗⃗ ) + ( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐵⃗⃗ ⃗⃗  ⃗) ⟹ ( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐵⃗⃗ ⃗⃗  ⃗) = ( 𝑂𝐼⃗⃗⃗⃗ ;  𝑂𝐵⃗⃗ ⃗⃗  ⃗) − ( 𝑂𝐼⃗⃗⃗⃗ ;  𝑂𝐽⃗⃗⃗⃗ )

⟹ ( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐵⃗⃗ ⃗⃗  ⃗) =
3𝜋

4
−
𝜋

2
 

⟹ ( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐵⃗⃗ ⃗⃗  ⃗) =
𝜋

4

 ( 𝑂𝐴⃗⃗ ⃗⃗  ⃗;  𝑂𝐵⃗⃗ ⃗⃗  ⃗)

( 𝑂𝐴⃗⃗ ⃗⃗  ⃗;  𝑂𝐵⃗⃗ ⃗⃗  ⃗) = ( 𝑂𝐴⃗⃗ ⃗⃗  ⃗;  𝑂𝐽⃗⃗⃗⃗ ) + ( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐵⃗⃗ ⃗⃗  ⃗) ⟹ ( 𝑂𝐴⃗⃗⃗⃗  ⃗;  𝑂𝐵⃗⃗ ⃗⃗  ⃗) = −( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐴⃗⃗ ⃗⃗  ⃗) + ( 𝑂𝐽⃗⃗⃗⃗ ;  𝑂𝐵⃗⃗ ⃗⃗  ⃗)

⟹ ( 𝑂𝐴⃗⃗⃗⃗  ⃗;  𝑂𝐵⃗⃗ ⃗⃗  ⃗) = −(−
𝜋

3
) +

𝜋

4
 

⟹ ( 𝑂𝐴⃗⃗⃗⃗  ⃗;  𝑂𝐵⃗⃗ ⃗⃗  ⃗) =
7𝜋

12

 (𝑢⃗ ; 𝑣 )𝛼

𝛼 = 2007𝑟𝑎𝑑

−𝜋 < 2007 + 2𝑘𝜋 ≤ 𝜋 ⟹ −𝜋 − 2007 < 2𝑘𝜋 ≤ 𝜋 − 2007 
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⟹
−𝜋 − 2007

2𝜋
< 𝑘 ≤

𝜋 − 2007

2𝜋
 

⟹−319.92 < 𝑘 ≤ −318.92 

⟹ 𝑘 = −319

(𝑢⃗ ; 𝑣 )

2007 + 2(−319)𝜋 = 2.66𝑟𝑎𝑑

𝛼 =
14𝜋

3

−𝜋 <
14𝜋

3
+ 2𝑘𝜋 ≤ 𝜋 ⟹ −1 <

14

3
+ 2𝑘 ≤ 1 

⟹−1 −
14

3
< 2𝑘 ≤ 1 −

14

3
 

⟹
−1 −

14
3

2
< 𝑘 ≤

1 −
14
3

2
 

⟹−2.8 < 𝑘 ≤ −1.8 

⟹ 𝑘 = −1

(𝑢⃗ ; 𝑣 )

14𝜋

3
+ 2(−1)𝜋 =

8𝜋

3

𝛼 = −
35𝜋

2

−𝜋 < −
35𝜋

2
+ 2𝑘𝜋 ≤ 𝜋 ⟹ −1 < −

35

2
+ 2𝑘 ≤ 1 

⟹
−1 +

35
2

2
< 𝑘 ≤

1 +
35
2

2
 

⟹ 8.25 < 𝑘 ≤ 9.25

⟹ 𝑘 = 9 

(𝑢⃗ ; 𝑣 )

−
35𝜋

2
+ 2(9)𝜋 =

𝜋

2

 𝛼

𝛼 = −
189𝜋

4

𝛼 = −
189𝜋

4
= −

188𝜋 + 𝜋

4
= −47𝜋 −

𝜋

4
= 𝜋 −

𝜋

4
=
3𝜋

4

𝛼 =
65𝜋

8

𝛼 =
65𝜋

8
=
64𝜋 + 𝜋

8
= 8𝜋 +

𝜋

8
=
𝜋

8
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𝛼 =
721𝜋

5

𝛼 =
721𝜋

5
=
720𝜋 + 𝜋

5
= 144𝜋 +

𝜋

5
=
𝜋

5

𝛼 =
2007𝜋

3

𝛼 =
2007𝜋

3
= 699𝜋 = 𝜋

𝛼𝛽𝛼 − 𝛽2𝜋

   
41𝜋

8
 و 

9𝜋

8
 

41𝜋

8
−
9𝜋

8
=
32𝜋

8
= 4𝜋 = 2 × 2𝜋

41𝜋

8

9𝜋

8

   
1924𝜋

5
− و 

4𝜋

5
 

1924𝜋

5
− (−

4𝜋

5
) =

1928𝜋

5
=
1925𝜋 + 3𝜋

5
= 385𝜋 +

3𝜋

5
= 𝜋 +

3𝜋

5
=
8𝜋

5
1924𝜋

5
−
4𝜋

5

A (𝐵𝐴⃗⃗⃗⃗  ⃗; 𝐵𝐶⃗⃗⃗⃗  ⃗)

(𝐴𝐶⃗⃗⃗⃗  ⃗; 𝐴𝐵⃗⃗⃗⃗  ⃗) =
𝜋

4

(𝐴𝐶⃗⃗⃗⃗  ⃗; 𝐴𝐵⃗⃗⃗⃗  ⃗) + 2(𝐵𝐴⃗⃗⃗⃗  ⃗; 𝐵𝐶⃗⃗⃗⃗  ⃗) = 𝜋 ⟹ (𝐵𝐴⃗⃗⃗⃗  ⃗; 𝐵𝐶⃗⃗⃗⃗  ⃗) =
𝜋 − (𝐴𝐶⃗⃗⃗⃗  ⃗; 𝐴𝐵⃗⃗⃗⃗  ⃗)

2

⟹ (𝐵𝐴⃗⃗⃗⃗  ⃗; 𝐵𝐶⃗⃗⃗⃗  ⃗) =
𝜋 −

𝜋
4

2

⟹ (𝐵𝐴⃗⃗⃗⃗  ⃗; 𝐵𝐶⃗⃗⃗⃗  ⃗) =
3𝜋

8

B (𝐴𝐷⃗⃗ ⃗⃗  ⃗; 𝐴𝐶⃗⃗⃗⃗  ⃗)

(𝐴𝐷⃗⃗ ⃗⃗  ⃗; 𝐴𝐶⃗⃗⃗⃗  ⃗) =
𝜋

4

C (𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐵𝐴⃗⃗⃗⃗  ⃗)

(𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐵𝐴⃗⃗⃗⃗  ⃗) = 𝜋

D (𝐵𝐴⃗⃗⃗⃗  ⃗; 𝐴𝐷⃗⃗ ⃗⃗  ⃗)

 04التمرين حل 

 05التمرين حل 



 

19►
 

(𝐵𝐴⃗⃗⃗⃗  ⃗; 𝐴𝐷⃗⃗ ⃗⃗  ⃗) = −
𝜋

2

A 𝐴𝐵𝐹 

𝐴𝐷 = 𝐴𝐹𝐴𝐹𝐷

𝐴𝐷 = 𝐴𝐵𝐴𝐵𝐶𝐷

𝐴𝐹 = 𝐴𝐵

𝐴𝐵𝐹

B (𝐹𝐵⃗⃗⃗⃗  ⃗;  𝐹𝐴⃗⃗⃗⃗  ⃗)

(𝐴𝐷⃗⃗ ⃗⃗  ⃗;  𝐴𝐹⃗⃗⃗⃗  ⃗) =
𝜋

3

(𝐴𝐹⃗⃗⃗⃗  ⃗;  𝐴𝐵⃗⃗⃗⃗  ⃗) =
𝜋

6

2(𝐹𝐵⃗⃗⃗⃗  ⃗;  𝐹𝐴⃗⃗⃗⃗  ⃗) + (𝐴𝐹⃗⃗⃗⃗  ⃗;  𝐴𝐵⃗⃗⃗⃗  ⃗) = 𝜋 ⟹ (𝐹𝐵⃗⃗⃗⃗  ⃗;  𝐹𝐴⃗⃗⃗⃗  ⃗) =
𝜋 − (𝐴𝐹⃗⃗⃗⃗  ⃗;  𝐴𝐵⃗⃗⃗⃗  ⃗)

2
 

⟹ (𝐹𝐵⃗⃗⃗⃗  ⃗;  𝐹𝐴⃗⃗⃗⃗  ⃗) =
𝜋 −

𝜋
6

2
 

⟹ (𝐹𝐵⃗⃗⃗⃗  ⃗;  𝐹𝐴⃗⃗⃗⃗  ⃗) =
5𝜋

12

C (𝐷𝐸⃗⃗ ⃗⃗  ⃗;  𝐷𝐹⃗⃗ ⃗⃗  ⃗):

(𝐷𝐸⃗⃗ ⃗⃗  ⃗;  𝐷𝐶⃗⃗⃗⃗  ⃗) =
𝜋

3

(𝐷𝐶⃗⃗⃗⃗  ⃗;  𝐷𝐹⃗⃗ ⃗⃗  ⃗) =
𝜋

6

(𝐷𝐸⃗⃗ ⃗⃗  ⃗;  𝐷𝐹⃗⃗ ⃗⃗  ⃗) = (𝐷𝐸⃗⃗ ⃗⃗  ⃗;  𝐷𝐶⃗⃗⃗⃗  ⃗) + (𝐷𝐶⃗⃗⃗⃗  ⃗;  𝐷𝐹⃗⃗ ⃗⃗  ⃗) 

=
𝜋

3
+
𝜋

6
 

=
𝜋

2

- ( 𝐹𝐷⃗⃗ ⃗⃗  ⃗;  𝐹𝐸⃗⃗⃗⃗  ⃗)

(𝐷𝐸⃗⃗ ⃗⃗  ⃗;  𝐷𝐹⃗⃗ ⃗⃗  ⃗) =
𝜋

2

𝐷𝐸 = 𝐷𝐹

𝐷𝐸𝐹𝐷

(𝐷𝐸⃗⃗ ⃗⃗  ⃗;  𝐷𝐹⃗⃗ ⃗⃗  ⃗) + 2(𝐹𝐷⃗⃗⃗⃗  ⃗;  𝐹𝐸⃗⃗⃗⃗  ⃗) = 𝜋 ⟹ (𝐹𝐷⃗⃗⃗⃗  ⃗;  𝐹𝐸⃗⃗⃗⃗  ⃗) =
𝜋 − (𝐷𝐸⃗⃗ ⃗⃗  ⃗;  𝐷𝐹⃗⃗ ⃗⃗  ⃗)

2
 

⟹ (𝐹𝐷⃗⃗⃗⃗  ⃗;  𝐹𝐸⃗⃗⃗⃗  ⃗) =
𝜋 −

𝜋
2

2
 

⟹ (𝐹𝐷⃗⃗⃗⃗  ⃗;  𝐹𝐸⃗⃗⃗⃗  ⃗) =
𝜋

4

D ( 𝐹𝐵⃗⃗⃗⃗  ⃗;  𝐹𝐸⃗⃗⃗⃗  ⃗)

(𝐹𝐵⃗⃗⃗⃗  ⃗;  𝐹𝐸⃗⃗⃗⃗  ⃗) = (𝐹𝐵⃗⃗⃗⃗  ⃗;  𝐹𝐴⃗⃗⃗⃗  ⃗) + (𝐹𝐴⃗⃗⃗⃗  ⃗;  𝐹𝐸⃗⃗⃗⃗  ⃗) 

 06التمرين حل 



 

20►
 

= (𝐹𝐵⃗⃗⃗⃗  ⃗;  𝐹𝐴⃗⃗⃗⃗  ⃗) + (𝐹𝐴⃗⃗⃗⃗  ⃗;  𝐹𝐷⃗⃗ ⃗⃗  ⃗) + (𝐹𝐷⃗⃗⃗⃗  ⃗;  𝐹𝐸⃗⃗⃗⃗  ⃗) 

=
5𝜋

12
+
𝜋

3
+
𝜋

4
 

= 𝜋

E 𝐸𝐹𝐵

(𝐹𝐵⃗⃗⃗⃗  ⃗;  𝐹𝐸⃗⃗⃗⃗  ⃗) = 𝜋𝐸𝐹𝐵

A ( 𝐷𝐴⃗⃗ ⃗⃗  ⃗; 𝐷𝐶⃗⃗⃗⃗  ⃗)(𝐸𝐴⃗⃗⃗⃗  ⃗; 𝐸𝐶⃗⃗⃗⃗  ⃗)

𝐴𝐵𝐶𝐷

( 𝐷𝐴⃗⃗ ⃗⃗  ⃗; 𝐷𝐶⃗⃗⃗⃗  ⃗) =
𝜋

2

2(𝐸𝐴⃗⃗⃗⃗  ⃗; 𝐸𝐶⃗⃗⃗⃗  ⃗) = ( 𝐷𝐴⃗⃗ ⃗⃗  ⃗; 𝐷𝐶⃗⃗⃗⃗  ⃗) ⟹ (𝐸𝐴⃗⃗⃗⃗  ⃗; 𝐸𝐶⃗⃗⃗⃗  ⃗) =
1

2
( 𝐷𝐴⃗⃗ ⃗⃗  ⃗; 𝐷𝐶⃗⃗⃗⃗  ⃗)

⟹ (𝐸𝐴⃗⃗⃗⃗  ⃗; 𝐸𝐶⃗⃗⃗⃗  ⃗) =
𝜋

4

B 𝐸𝐷𝐶𝐸𝐷𝐴

𝐴𝐶𝐸𝐸𝐴 = 𝐸𝐶

𝐴𝐵𝐶𝐷𝐴𝐷 = 𝐷𝐶

𝐸𝐷𝐶𝐸𝐷𝐴

C (𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐷𝐸⃗⃗ ⃗⃗  ⃗)(𝐷𝐸⃗⃗ ⃗⃗  ⃗; 𝐷𝐴⃗⃗ ⃗⃗  ⃗)

(𝐸𝐷⃗⃗ ⃗⃗  ⃗; 𝐸𝐶⃗⃗⃗⃗  ⃗) =
1

2
(𝐸𝐴⃗⃗⃗⃗  ⃗; 𝐸𝐶⃗⃗⃗⃗  ⃗) =

1

2
(
𝜋

4
) =

𝜋

8
𝐷𝐶𝐸

(𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐷𝐸⃗⃗ ⃗⃗  ⃗) + 2(𝐸𝐷⃗⃗ ⃗⃗  ⃗; 𝐸𝐶⃗⃗⃗⃗  ⃗) = 𝜋 ⟹ (𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐷𝐸⃗⃗ ⃗⃗  ⃗) = 𝜋 − 2(𝐸𝐷⃗⃗ ⃗⃗  ⃗; 𝐸𝐶⃗⃗⃗⃗  ⃗) 

⟹ (𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐷𝐸⃗⃗ ⃗⃗  ⃗) = 𝜋 − 2(𝐸𝐷⃗⃗ ⃗⃗  ⃗; 𝐸𝐶⃗⃗⃗⃗  ⃗) 

⟹ (𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐷𝐸⃗⃗ ⃗⃗  ⃗) = 𝜋 − 2
𝜋

8
 

⟹ (𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐷𝐸⃗⃗ ⃗⃗  ⃗) =
3𝜋

4

(𝐷𝐸⃗⃗ ⃗⃗  ⃗; 𝐷𝐴⃗⃗ ⃗⃗  ⃗) =
3𝜋

4

D (𝐷𝐵⃗⃗⃗⃗⃗⃗ ; 𝐷𝐶⃗⃗⃗⃗  ⃗) + (𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐷𝐸⃗⃗ ⃗⃗  ⃗) = 𝜋

𝐴𝐵𝐶𝐷(𝐷𝐵⃗⃗⃗⃗⃗⃗ ; 𝐷𝐶⃗⃗⃗⃗  ⃗) =
𝜋

4

(𝐷𝐵⃗⃗⃗⃗⃗⃗ ; 𝐷𝐶⃗⃗⃗⃗  ⃗) + (𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐷𝐸⃗⃗ ⃗⃗  ⃗) =
𝜋

4
+
3𝜋

4
= 𝜋

E 𝐸𝐷𝐵
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(𝐷𝐵⃗⃗⃗⃗⃗⃗ ; 𝐷𝐶⃗⃗⃗⃗  ⃗) + (𝐷𝐶⃗⃗⃗⃗  ⃗; 𝐷𝐸⃗⃗ ⃗⃗  ⃗) = 𝜋 ⟹ (𝐷𝐵⃗⃗⃗⃗⃗⃗ ; 𝐷𝐸⃗⃗ ⃗⃗  ⃗) = 𝜋

𝐸𝐷𝐵

• cos (
9𝜋

4
) = cos (

8𝜋 + 𝜋

4
) = cos (2𝜋 +

𝜋

4
) = cos (

𝜋

4
) =

√2

2

• sin (
25𝜋

6
) = sin (

24𝜋 + 𝜋

6
) = sin (4𝜋 +

𝜋

6
) = sin (

𝜋

6
) =

1

2

• sin (−
11𝜋

3
) = sin (−

12𝜋 − 𝜋

3
) = sin (−4𝜋 +

𝜋

3
) = sin (

𝜋

3
) =

√3

2
 

•  cos (−
31𝜋

3
) = cos (−

30𝜋 + 𝜋

3
) = cos (−10𝜋 −

𝜋

3
) = cos (−

𝜋

3
) = cos (

𝜋

3
) =

1

2

A cos 𝑥

cos2 𝑥 + sin2 𝑥 = 1 ⟹ cos2 𝑥 + (
3

5
)
2

= 1 

⟹ cos2 𝑥 = 1 − (
3

5
)
2

 

⟹ cos2 𝑥 =
16

25
 

⟹ 

{
 
 

 
 cos 𝑥 =

4

5

أو

cos 𝑥 = −
4

5
𝜋

2
< 𝑥 <

3𝜋

2
cos 𝑥 < 0

cos 𝑥 = −
4

5
B cos 𝑥

cos−1 (−
4

5
)2.49809

𝑥10−2𝑥 = 2.5

•  cos (
11𝜋

6
) = cos (

12𝜋 − 𝜋

6
) = cos (2𝜋 −

𝜋

6
) = cos (−

𝜋

6
) = cos (

𝜋

6
) =

√3

2
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•  sin (−
7𝜋

3
) = sin (−

6𝜋 + 𝜋

3
) = sin (2𝜋 +

𝜋

3
) = sin (

𝜋

3
) =

√3

2

 sin
7𝜋

12

cos2 (
7𝜋

12
) + sin2 (

7𝜋

12
) = 1 ⟹ sin2 (

7𝜋

12
) = 1 − cos2 (

7𝜋

12
) 

⟹ sin2 (
7𝜋

12
) = 1 − (

√2 − √6

4
)

2

 

⟹ sin2 (
7𝜋

12
) = 1 −

2 − √3

4

⟹ sin2 (
7𝜋

12
) =

2 + √3

4
 

⟹ sin2 (
7𝜋

12
) = (

√2 + √6

4
)

2

⟹ sin (
7𝜋

12
) =

√2 + √6

4

 cos (
13𝜋

12
) 

cos (
13𝜋

12
) = cos (

6𝜋 + 7𝜋

12
) = cos (

𝜋

2
+
7𝜋

12
) = −sin (

7𝜋

12
) = −

√2 − √6

4

 cos (−
𝜋

12
) 

cos (−
𝜋

12
) = cos (

6𝜋 − 7𝜋

12
) = cos (

𝜋

2
−
7𝜋

12
) = sin (

7𝜋

12
) =

√2 − √6

4

A 𝐴

𝑟 = 2

19𝜋

3
=
18𝜋 + 𝜋

3
= 6𝜋 +

𝜋

3
=
𝜋

3

 {
𝑥 = 𝑟 cos 𝜃
𝑦 = 𝑟 sin 𝜃

⟹ {
𝑥 = 2 cos (

𝜋

3
)

𝑦 = 2 sin (
𝜋

3
)
⟹ {

𝑥 = 1

𝑦 = √3

𝐴(1; √3)

B 𝐵

 11التمرين حل 
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𝑟 = √(−√3)
2
+ (−1)2 = 2

{
cos 𝜃 =

𝑥

𝑟

sin 𝜃 =
𝑦

𝑟

⟹

{
 

 cos 𝜃 =
−√3

2

sin 𝜃 =
−1

2

⟹ 𝜃 = 𝜋 +
𝜋

6
=
7𝜋

6

𝐵 (2;
7𝜋

6
)

 (𝑂; 𝑖 , 𝑗 )

𝐴 (1;
𝜋

6
)

𝑟 = 1𝜃 =
𝜋

6

 {
𝑥 = 𝑟 cos 𝜃
𝑦 = 𝑟 sin 𝜃

⟹ {
𝑥 = cos (

𝜋

6
)

𝑦 = sin (
𝜋

6
)
⟹

{
 

 𝑥 =
√3

2

𝑦 =
1

2

𝐴(
√3

2
;
1

2
)

𝐵 (2;−
5𝜋

6
)

𝑟 = 2

−
5𝜋

6
=
−6𝜋 + 𝜋

6
= −𝜋 +

𝜋

6
= −(𝜋 −

𝜋

6
)

 

{
 
 

 
 𝑥 = 2 cos (−(𝜋 −

𝜋

6
))

𝑦 = 2 sin (−(𝜋 −
𝜋

6
))

⟹ {
𝑥 = 2 cos (𝜋 −

𝜋

6
)

𝑦 = −2 sin (𝜋 −
𝜋

6
)
⟹

{
 
 

 
 
𝑥 = 2(−

√3

2
)

𝑦 = −2(
1

2
)

⟹ {𝑥 = −√3
𝑦 = −1   

𝐵(−1;−√3)

𝐶 (3;
𝜋

6
)

𝑟 = 3𝜃 =
𝜋

6
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 {
𝑥 = 3 cos (

𝜋

6
)

𝑦 = 3 sin (
𝜋

6
)
⟹

{
 

 𝑥 =
3√3

2

𝑦 =
3

2

𝐶 (
3√3

2
;
3

2
)

𝐷 (4;
𝜋

2
)

𝑟 = 4𝜃 =
𝜋

2

{
𝑥 = 4 cos (

𝜋

2
)

𝑦 = 4 sin (
𝜋

2
)
⟹ {

𝑥 = 0
𝑦 = 4

𝐷(0; 4)

ℝ𝑥

   cos 𝑥 =
√3

2
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cos 𝑥 =
√3

2
⟹ cos 𝑥 = cos (

𝜋

6
) ⟹ 

{
 
 

 
 𝑥 =

𝜋

6
+ 2𝑘𝜋

𝑥 = −
𝜋

6
+ 2𝑘𝜋

/𝑘 ∈ ℤ

𝑆 = {(
𝜋

6
+ 2𝑘𝜋) ; (−

𝜋

6
+ 2𝑘𝜋) /𝑘 ∈ ℤ}

 sin 𝑥 = −
1

2

sin 𝑥 = −
1

2
⟹ sin 𝑥 = sin (−

𝜋

6
) ⟹ 

{
 
 

 
 𝑥 = −

𝜋

6
+ 2𝑘𝜋

𝑥 = 𝜋 +
𝜋

6
+ 2𝑘𝜋

/𝑘 ∈ ℤ

𝑆 = {(−
𝜋

6
+ 2𝑘𝜋) ; (𝜋 +

𝜋

6
+ 2𝑘𝜋) /𝑘 ∈ ℤ}

 

 

(𝑢⃗ ; 𝑣 ) = −
𝜋

3

• (𝑣 ; 𝑢⃗ ) = −(𝑢⃗ ; 𝑣 ) = −(−
𝜋

3
) =

𝜋

3
 

•  (5𝑢⃗ ; 3𝑣 ) = (𝑢⃗ ; 𝑣 ) = −
𝜋

3
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•  (−6𝑢⃗ ; 5𝑣 ) = (𝑢⃗ ; 𝑣 ) + 𝜋 = −
𝜋

3
+ 𝜋 =

2𝜋

3
 

•  (2𝑣 ; −𝑢⃗ ) = (𝑣 ; 𝑢⃗ ) + 𝜋 = −(𝑢⃗ ; 𝑣 ) + 𝜋 = −(−
𝜋

3
) + 𝜋 =

4𝜋

3

 cos 𝑥sin 𝑥𝑥

A 𝑥 = −
945𝜋

2

𝑥 = −
945𝜋

2
= −

−𝜋 + 946𝜋

2
=
𝜋

2
− 473𝜋 =

𝜋

2
− 𝜋 = −

𝜋

2

• cos 𝑥 = cos (−
𝜋

2
) = cos (

𝜋

2
) = 0 

•  sin 𝑥 = sin (−
𝜋

2
) = −sin (

𝜋

2
) = −1 

B 𝑥 =
−5𝜋

6

𝑥 =
−5𝜋

6
=
−6𝜋 + 𝜋

6
= −𝜋 +

𝜋

6
= −(𝜋 −

𝜋

6
)

•  cos 𝑥 = cos (− (𝜋 −
𝜋

6
)) = cos (𝜋 −

𝜋

6
) = − cos (

𝜋

6
) = −

√3

2
 

•  sin 𝑥 = sin (−(𝜋 −
𝜋

6
)) = −sin (𝜋 −

𝜋

6
) = −sin (

𝜋

6
) = −

1

2
 

C 𝑥 =
−17𝜋

4

𝑥 =
−16𝜋 − 𝜋

4
= −4𝜋 −

𝜋

4
= −

𝜋

4

• cos 𝑥 = cos (−
𝜋

4
) = cos (

𝜋

4
) =

√2

2
 

•  sin 𝑥 = sin (−
𝜋

4
) = − sin (

𝜋

4
) = −

√2

2
 

D 𝑥 =
2𝜋

3

𝑥 =
2𝜋

3
=
3𝜋 − 𝜋

3
= 𝜋 −

𝜋

3

• cos 𝑥 = cos (𝜋 −
𝜋

3
) = −cos (

𝜋

3
) = −

1

2
 

•  sin 𝑥 = sin (𝜋 −
𝜋

3
) = sin (

𝜋

3
) =

√3

2
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𝐴 = sin 𝑥 + cos(𝜋 − 𝑥) + cos(𝜋 + 𝑥)

= sin 𝑥 − cos 𝑥 − cos 𝑥 

= sin 𝑥 − 2 cos 𝑥

𝐵 = sin 𝑥 + sin(𝜋 − 𝑥) + sin (
𝜋

2
− 𝑥) − cos 𝑥

= sin 𝑥 + sin 𝑥 + cos 𝑥 − cos 𝑥

= 2 sin 𝑥

𝐶 = sin (
3𝜋

2
− 𝑥) + sin(𝑥 + 5𝜋) + cos (

𝜋

2
− 𝑥)

= sin (
2𝜋 + 𝜋

2
− 𝑥) + sin(𝑥 + 𝜋) + sin 𝑥 

= sin (𝜋 +
𝜋

2
− 𝑥) − sin 𝑥 + sin 𝑥 

= −sin (
𝜋

2
− 𝑥) 

= −cos 𝑥

𝐷 = cos(𝜋 − 𝑥) + cos 𝑥 + sin(𝜋 + 𝑥) + cos (𝑥 +
7𝜋

2
) 

= −cos 𝑥 + cos 𝑥 − sin 𝑥 + cos (𝑥 +
6𝜋 + 𝜋

2
) 

= −sin 𝑥 + cos (𝑥 + 3𝜋 +
𝜋

2
) 

= −sin 𝑥 + cos (𝑥 + 𝜋 +
𝜋

2
) 

= −sin 𝑥 − cos (𝑥 +
𝜋

2
) 

= −sin 𝑥 + sin 𝑥

= 0

𝐸 = sin(𝜋 + 𝑥) + cos (
𝜋

2
+ 𝑥) + cos(𝜋 − 𝑥) + sin (𝑥 +

𝜋

2
)

= − sin 𝑥 − sin 𝑥 − cos 𝑥 + cos 𝑥 

= −2sin 𝑥

𝐹 = tan(𝜋 + 𝑥) + tan (2𝑥 −
𝜋

2
) + cotan(2𝑥)

=
sin(𝜋 + 𝑥)

cos(𝜋 + 𝑥)
+
sin (2𝑥 −

𝜋
2)

cos (2𝑥 −
𝜋
2)
+ cotan(2𝑥) 

=
sin(𝜋 + 𝑥)

cos(𝜋 + 𝑥)
+
−sin (

𝜋
2 − 2𝑥)

cos (
𝜋
2 − 2𝑥)

+ cotan(2𝑥) 

=
−sin 𝑥

− cos 𝑥
+
− cos(2𝑥)

sin(2𝑥)
+ cotan(2𝑥) 

= tan 𝑥 − cotan(2𝑥) + cotan(2𝑥) 

= tan 𝑥

 17التمرين حل 



 

28►
 

A sin (
5𝜋

2
+ 𝑥) − 2 cos (

21𝜋

2
− 𝑥) − 3 sin(𝑥 − 3𝜋) + sin (

3𝜋

2
+ 𝑥) = sin 𝑥

sin (
5𝜋

2
+ 𝑥) − 2 cos (

21𝜋

2
− 𝑥) − 3 sin(𝑥 − 3𝜋) + sin (

3𝜋

2
+ 𝑥) = ⋯ 

= sin (2𝜋 +
𝜋

2
+ 𝑥) − 2 cos (10𝜋 +

𝜋

2
− 𝑥) − 3 sin(−(𝜋 − 𝑥)) + sin (𝜋 +

𝜋

2
+ 𝑥)

= sin (
𝜋

2
+ 𝑥) − 2 cos (

𝜋

2
− 𝑥) + 3 sin(𝜋 − 𝑥) − sin (

𝜋

2
+ 𝑥) 

= cos(𝑥) − 2 sin(𝑥) + 3 sin(𝑥) − cos(𝑥)

= sin(𝑥)

B cos 𝑥 + cos (𝑥 +
2𝜋

3
) + cos (𝑥 +

4𝜋

3
) = 0

cos 𝑥 + cos (𝑥 +
2𝜋

3
) + cos (𝑥 +

4𝜋

3
) = cos 𝑥 + cos (𝑥 + 𝜋 −

𝜋

3
) + cos (𝑥 + 𝜋 +

𝜋

3
) 

= cos 𝑥 − cos (𝑥 −
𝜋

3
) − cos (𝑥 +

𝜋

3
) 

= cos 𝑥 − [cos(𝑥) cos (
𝜋

3
) + sin(𝑥) sin (

𝜋

3
)] − [cos(𝑥) cos (

𝜋

3
) − sin(𝑥) sin (

𝜋

3
)]

= cos 𝑥 − [
1

2
cos(𝑥) +

√3

2
sin(𝑥)] − [

1

2
cos(𝑥) −

√3

2
sin(𝑥)] 

= cos 𝑥 −
1

2
cos(𝑥) −

√3

2
sin(𝑥) −

1

2
cos(𝑥) +

√3

2
sin(𝑥) 

= 0

C sin 𝑥 + sin (𝑥 +
2𝜋

3
) + sin (𝑥 +

4𝜋

3
) = 0

sin 𝑥 + sin (𝑥 +
2𝜋

3
) + cos (𝑥 +

4𝜋

3
) = sin 𝑥 + sin (𝑥 + 𝜋 −

𝜋

3
) + sin (𝑥 + 𝜋 +

𝜋

3
) 

= sin 𝑥 − sin (𝑥 −
𝜋

3
) − sin (𝑥 +

𝜋

3
) 

= sin 𝑥 − [sin(𝑥) cos (
𝜋

3
) − cos(𝑥) sin (

𝜋

3
)] − [sin(𝑥) cos (

𝜋

3
) + cos(𝑥) sin (

𝜋

3
)] 

= sin 𝑥 − [
1

2
sin(𝑥) −

√3

2
cos(𝑥)] − [

1

2
sin(𝑥) +

√3

2
cos(𝑥)] 

= sin 𝑥 −
1

2
sin(𝑥) +

√3

2
cos(𝑥) −

1

2
sin(𝑥) −

√3

2
cos(𝑥)

= 0

D 
sin2 𝑥 − sin4 𝑥

cos2 𝑥 − cos4 𝑥
= 1

sin2 𝑥 − sin4 𝑥

cos2 𝑥 − cos4 𝑥
=
sin2 𝑥 (1 − sin2 𝑥)

cos2 𝑥 (1 − cos2 𝑥)
 

=
sin2 𝑥 ∙ cos2 𝑥

cos2 𝑥 ∙ sin2 𝑥
 

= 1 
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𝐼

A cos 𝑥 =
1

2
𝐼 = ]−𝜋; 𝜋]

cos 𝑥 =
1

2
⟹ cos 𝑥 = cos (

𝜋

3
) ⟹ 

{
 
 

 
 𝑥 =

𝜋

3
+ 2𝑘𝜋

𝑥 = −
𝜋

3
+ 2𝑘𝜋

/𝑘 ∈ ℤ

−𝜋 <
𝜋

3
+ 2𝑘𝜋 ≤ 𝜋

−1 −
1
3

2
< 𝑘 ≤

1 −
1
3

2
−0.6 < 𝑘 ≤ 0.3

𝑘 = 0

−𝜋 < −
𝜋

3
+ 2𝑘𝜋 ≤ 𝜋

−1 +
1
3

2
< 𝑘 ≤

1 +
1
3

2
−0.3 < 𝑘 ≤ 0.6

𝑘 = 0

𝑆 = {(
𝜋

3
) ; (−

𝜋

3
)}

B 
cos 𝑥 − 2 = 0𝐼 = ℝ

cos 𝑥 − 2 = 0 ⟹ cos 𝑥 = 2

ℝ2 ∉ [−1; 1]

C sin 𝑥 =
√3

2
𝐼 = ]−𝜋; 𝜋]

sin 𝑥 =
√3

2
⟹ sin 𝑥 = sin (

𝜋

3
) ⟹ 

{
 
 

 
 𝑥 =

𝜋

3
+ 2𝑘𝜋

𝑥 = 𝜋 −
𝜋

3
+ 2𝑘𝜋

/𝑘 ∈ ℤ

−𝜋 <
𝜋

3
+ 2𝑘𝜋 ≤ 𝜋

−
2

3
< 𝑘 ≤

1

3
−0.6 < 𝑘 ≤ 0.3

𝑘 = 0

−𝜋 < 𝜋 −
𝜋

3
+ 2𝑘𝜋 ≤ 𝜋

−
5

6
< 𝑘 ≤

1

6
−0.83 < 𝑘 ≤ 0.16

𝑘 = 0
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𝑆 = {(
𝜋

3
) ; (

2𝜋

3
)}

 

D 2 cos 2𝑥 = −√2𝐼 = [0; 2𝜋[

2 cos 2𝑥 = −√2⟹ cos 2𝑥 = −
√2

2
 

⟹ cos 2𝑥 = cos (𝜋 −
𝜋

4
)

⟹ 

{
 
 

 
 2𝑥 = 𝜋 −

𝜋

4
+ 2𝑘𝜋

2𝑥 = −(𝜋 −
𝜋

4
) + 2𝑘𝜋

/𝑘 ∈ ℤ

⟹ 

{
 
 

 
 𝑥 =

3𝜋

8
+ 𝑘𝜋

𝑥 = −
3𝜋

8
+ 𝑘𝜋

/𝑘 ∈ ℤ

0 ≤
3𝜋

8
+ 𝑘𝜋 < 2𝜋

−
3

8
≤ 𝑘 <

16

8
−0.37 < 𝑘 ≤ 1.62

𝑘 = {0; 1}

0 ≤ −
3

8
+ 𝑘𝜋 < 2𝜋

3

8
≤ 𝑘 <

19

8
0.37 < 𝑘 ≤ 2.3

𝑘 = {1; 2}

𝑆 = {(
3𝜋

8
) ; (

11𝜋

8
) ; (

5𝜋

8
) ; (

13𝜋

8
)}

 

E cos2 𝑥 =
1

2
𝐼 = ℝ

cos2 𝑥 =
1

2
⟹ 

{
 
 

 
 cos 𝑥 =

√2

2
     … (∗)

cos 𝑥 = −
√2

2
… (∗∗)

(∗)



 

31►
 

cos 𝑥 =
√2

2
⟹ cos 𝑥 = cos (

𝜋

4
) ⟹ 

{
 
 

 
 𝑥 =

𝜋

4
+ 2𝑘𝜋

𝑥 = −
𝜋

4
+ 2𝑘𝜋

/𝑘 ∈ ℤ

(∗∗)

cos 𝑥 = −
√2

2
⟹ cos 𝑥 = cos (

3𝜋

4
) ⟹ 

{
 
 

 
 𝑥 =

3𝜋

4
+ 2𝑘𝜋

𝑥 = −
3𝜋

4
+ 2𝑘𝜋

/𝑘 ∈ ℤ

𝑆 = {(
𝜋

4
+ 2𝑘𝜋) ; (−

𝜋

4
+ 2𝑘𝜋) ; (

3𝜋

4
+ 2𝑘𝜋) ; (−

3𝜋

4
+ 2𝑘𝜋) /𝑘 ∈ ℤ}

F 2√2 sin 𝑥 + 2 = 0𝐼 = [−
𝜋

2
;
5𝜋

2
]

2√2 sin 𝑥 + 2 = 0 ⟹ sin 𝑥 = −
√2

2
⟹ sin 𝑥 = sin (−

𝜋

4
) ⟹ 

{
 
 

 
 𝑥 = −

𝜋

4
+ 2𝑘𝜋

𝑥 = 𝜋 +
𝜋

4
+ 2𝑘𝜋

/𝑘 ∈ ℤ

−
𝜋

2
≤ −

𝜋

4
+ 2𝑘𝜋 ≤

5𝜋

2
−0.125 ≤ 𝑘 ≤ 1.375

𝑘 = {0; 1}

−
1

2
≤ 𝜋 +

𝜋

4
+ 2𝑘𝜋 ≤

5

2
−0.875 ≤ 𝑘 ≤ 0.625

𝑘 = 0

𝑆 = {(−
𝜋

4
) ; (

7𝜋

4
) ; (

5𝜋

4
)}

 

G cos 2𝑥 = cos (𝑥 −
𝜋

3
)𝐼 = ℝ

cos 2𝑥 = cos (𝑥 −
𝜋

3
) ⟹ 

{
 
 

 
 2𝑥 = 𝑥 −

𝜋

3
+ 2𝑘𝜋

2𝑥 = −(𝑥 −
𝜋

3
) + 2𝑘𝜋

/𝑘 ∈ ℤ ⟹ 

{
 
 

 
 𝑥 = −

𝜋

3
+ 2𝑘𝜋

𝑥 =
𝜋

9
+
2

3
𝑘𝜋

/𝑘 ∈ ℤ

𝑆 = {(−
𝜋

3
+ 2𝑘𝜋) ; (

𝜋

9
+
2

3
𝑘𝜋) /𝑘 ∈ ℤ}

 

H cos 𝑥 (√2 sin 𝑥 − 1) = 0𝐼 = [−𝜋; 2𝜋[



 

32►
 

cos 𝑥 (√2 sin 𝑥 − 1) = 0 ⟹ {

cos 𝑥 = 0

√2 sin 𝑥 − 1 = 0

⟹ 

{
 
 

 
 
cos 𝑥 = 0      … (∗)

sin 𝑥 =
√2

2
… (∗∗)

(∗)

cos 𝑥 = 0 ⟹  𝑥 =
𝜋

2
+ 𝑘𝜋   /𝑘 ∈ ℤ

−𝜋 ≤
𝜋

2
+ 𝑘𝜋 < 2𝜋

−1.5 ≤ 𝑘 < 1.5

𝑘 = {−1; 0; 1}

(∗∗)

sin 𝑥 =
√2

2
⟹ sin 𝑥 = sin (

𝜋

4
) ⟹ 

{
 
 

 
 𝑥 =

𝜋

4
+ 2𝑘𝜋

𝑥 = 𝜋 −
𝜋

4
+ 2𝑘𝜋

/𝑘 ∈ ℤ

−𝜋 ≤
𝜋

4
+ 2𝑘𝜋 < 2𝜋

−0.625 ≤ 𝑘 < 0.875

𝑘 = 0

−𝜋 ≤ 𝜋 −
𝜋

4
+ 2𝑘𝜋 < 2𝜋

−0.875 ≤ 𝑘 < 0.625

𝑘 = 0

𝑆 = {(
−𝜋

2
 ) ; (

𝜋

2
) ; (

3𝜋

2
 ) ; (

𝜋

4
) ; (

3𝜋

4
)}

A cos 𝑥 ≤
1

2
𝐼 = ]−𝜋; 𝜋]
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33►
 

𝑆]−𝜋;𝜋] = ]−𝜋;−
𝜋

3
] ∪ [

𝜋

3
; 𝜋]

B 2 sin 𝑥 + √3 ≤ 0𝐼 = [0; 3𝜋]

2 sin 𝑥 + √3 ≤ 0 ⟹ sin 𝑥 ≤ −
√3

2
 

 

𝑆[0;3𝜋] = [
4𝜋

3
;−
𝜋

3
+ 2𝜋] = [

4𝜋

3
;
5𝜋

3
]

 

C cos 𝑥 >
√3

2
𝐼 = ]−

𝜋

2
; 2𝜋]

𝑆
]−
𝜋
2
;2𝜋]

= ]−
𝜋

6
; 0]

D −2 cos 2𝑥 + √3 ≤ 0𝐼 = [0; 2𝜋[

−2 cos 2𝑥 + √3 ≤ 0 ⟹ cos 2𝑥 ≤
√3

2
2𝑥 = 𝑦

 

cos 2𝑥 ≤
√3

2
⟹ cos 𝑦 ≤

√3

2
𝑥 ∈ [0; 2𝜋[2𝑥 = [0; 4𝜋[



 

34►
 

𝑦 = [0; 4𝜋[

𝑆[0;4𝜋[
′ = [

𝜋

6
;−
𝜋

6
+ 2𝜋] ∪ [

𝜋

6
+ 2𝜋;−

𝜋

6
+ 4𝜋] 

= [
𝜋

6
;
11𝜋

6
] ∪ [

13𝜋

6
;
23𝜋

6
]

𝑆[0;2𝜋[ = [
𝜋

12
;
11𝜋

12
] ∪ [

13𝜋

12
;
23𝜋

12
]

E 2 sin (2𝑥 −
𝜋

6
) − 1 ≤ 0𝐼 = ]0; 𝜋]

2 sin (2𝑥 −
𝜋

6
) − 1 ≤ 0 ⟹ sin (2𝑥 −

𝜋

6
) ≤

1

2
𝑦 = 2𝑥 −

𝜋

6

 

sin (2𝑥 −
𝜋

6
) ≤

1

2
⟹ sin 𝑦 ≤

1

2

𝑥 ∈ ]0; 𝜋]2𝑥 ∈ ]0; 2𝜋](2𝑥 −
𝜋

6
) ∈ ]−

𝜋

6
;
11𝜋

6
]

𝑦 = ]−
𝜋

6
;
11𝜋

6
]

𝑆
]−
𝜋
6
;
11𝜋
6
]

′ = ]−
𝜋

6
;
𝜋

6
] ∪ [

5𝜋

6
;
11𝜋

6
]



 

35►
 

𝑆]0;𝜋] = ]
−
𝜋
6 +

𝜋
6

2
;

𝜋
6 +

𝜋
6

2
] ∪ [

5𝜋
6 +

𝜋
6

2
;

11𝜋
6 +

𝜋
6

2
]

= ]0;
𝜋

6
] ∪ [

𝜋

2
; 𝜋]

F √2 sin 𝑥 + 1 > 0𝐼 = [−
𝜋

2
;
5𝜋

2
]

√2 sin 𝑥 + 1 > 0 ⟹ sin 𝑥 >
1

2
 

⟹ sin 𝑥 >
√2

2

𝑆
[−
𝜋
2
;
5𝜋
2
]
= [−

𝜋

2
;
3𝜋

4
[ ∪ [

𝜋

4
+ 2𝜋;

5𝜋

2
] = [−

𝜋

2
;
3𝜋

4
[ ∪ [

9𝜋

4
;
5𝜋

2
]

 ℝ

A cos 𝑥 = sin 𝑥

cos 𝑥 = sin 𝑥 ⟹ cos 𝑥 = cos (
𝜋

2
− 𝑥) 

⟹ 

{
 
 

 
 𝑥 =

𝜋

2
− 𝑥 + 2𝑘𝜋

𝑥 = −(
𝜋

2
− 𝑥) + 2𝑘𝜋

/𝑘 ∈ ℤ 

⟹ 

{
 
 

 
 𝑥 =

𝜋

4
+ 𝑘𝜋                        

0 = −
𝜋

2
+ 2𝑘𝜋 ( )

/𝑘 ∈ ℤ

⟹ 𝑥 =
𝜋

4
+ 𝑘𝜋 /𝑘 ∈ ℤ

𝑆 = {(
𝜋

4
+ 𝑘𝜋) /𝑘 ∈ ℤ}
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36►

Bsin (𝑥 +
𝜋

6
) = cos (2𝑥 +

𝜋

3
)

sin (𝑥 +
𝜋

6
) = cos (2𝑥 +

𝜋

3
) ⟹ cos(

𝜋

2
− (𝑥 +

𝜋

6
)) = cos (2𝑥 +

𝜋

3
) 

⟹ cos (
𝜋

3
− 𝑥) = cos (2𝑥 +

𝜋

3
) 

⟹ 

{

𝜋

3
− 𝑥 = 2𝑥 +

𝜋

3
+ 2𝑘𝜋

𝜋

3
− 𝑥 = −(2𝑥 +

𝜋

3
) + 2𝑘𝜋

 /𝑘 ∈ ℤ 

⟹ 

{

𝑥 = −
2

3
𝑘𝜋 

𝑥 = −
2𝜋

3
+ 2𝑘𝜋

 /𝑘 ∈ ℤ

𝑆 = {(−
2

3
𝑘𝜋) ; (−

2𝜋

3
+ 2𝑘𝜋) /𝑘 ∈ ℤ}

Ccos (𝑥 −
𝜋

4
) = sin (3𝑥 +

𝜋

3
)

cos (𝑥 −
𝜋

4
) = sin (3𝑥 +

𝜋

3
) ⟹ cos (𝑥 −

𝜋

4
) = cos (

𝜋

2
− (3𝑥 +

𝜋

3
)) 

⟹ cos (𝑥 −
𝜋

4
) = cos (

𝜋

6
− 3𝑥)

⟹ 

{

𝑥 −
𝜋

4
=
𝜋

6
− 3𝑥 + 2𝑘𝜋

𝑥 −
𝜋

4
= −(

𝜋

6
− 3𝑥) + 2𝑘𝜋

 /𝑘 ∈ ℤ 

⟹ 

{

𝑥 =
5𝜋

48
+
1

2
𝑘𝜋 

𝑥 = −
𝜋

24
− 𝑘𝜋

 /𝑘 ∈ ℤ

𝑆 = {(
5𝜋

48
+
1

2
𝑘𝜋) ; (−

𝜋

24
− 𝑘𝜋) /𝑘 ∈ ℤ}

بالتوفيق 

♥لا تنسونا من صالح دعائكم  ♥

الأستاذ: قويسم براهيم الخليل 


