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HBATGA I o deanB) gaylsn Jgla

1) V251 = 15,84 ; sl 03 568 13 511 ¢7¢5¢3 ¢2 3a S e dandll &y ¥ 257 2aall () Ly
2) 2008 = 23 ><251;2;1@2008@@&@@\%&:\5\1\
3) m3 + 35d3 = 2008;a =da’,b = db’; PGCD(a’,b") =1

axb da xdb’
mxd=axXxb>m= 7 = 7 =da'b’

m3 + 35d3 = 2008 = (da'b’)? + 35d3 = 2008 = d3[(a’b’)? + 35] = 2008 = d3/2008 = d € {1,2}
d=1:(a’b’)?+35=2008 = (a'b’)3® =1973 = a'b’ = Y1973 ~ 12,54 Jlarma ola2e b’ 5a’ N Jinise
d=2:23[(a’'b’)?+35] =2008= (a'b')3 =216 =>a'b' = V216 =6

(a',b") €{(1,6); (6,1); (2,3); (3,2)} = (a,b) € {(2,12); (12,2); (4,6); (6,4)}

1)5° = 1[7]; 5t = 5[7]; 5% = 4[7]; 5% = 6[7]; 5* = 2[7]; 5° = 3[7]; 5° = 1[7]
56k = 1[7]; 5%%*1 = 5[7]; 56K*2 = 4[7]; 55¢*3 = 6[7] ; 5%%** = 2[7]; 5%+ = 3[7]
2)6 =—1[7] = 6°" = (-1)?"[7] > 6" = 1[7]

3)5"+ 62"+ 3=0[7]=5"+ 1+3=0[7]=>5"+ 4=0[7]>5"=3[7]>n=6k+5,k€EN

103 ¢ aill
1) 4% = 1[11]; 4! = 4[11]; 4% = 5[11]; 43 = 9[11]; 4* = 3[11]; 4° = 1[11]
45k = 1[11] ; 45%*1 = 4[11]; 45%*2 = 5[11] ; 453 = 9[11] ; 45K*+* = 3[11]

2)1995 = 4[11] = 1995™ = 4"[11] ;26 = 4[11] = 26072 = 410n+2[11] = 26107+2 = 45(2M+2[11]
= 2610n+2 = 5[11]

6 X 1995™ + 261072 4 7

0
=6 X 4" [

[11] 2 6%x4"+ 5+7=0[11] 26 x4"+ 1 =0[11]
11]

0

n S5k Sk+1|5k+2|5k+3|5k+4
4" = 1 4 5 9 3
6 X 4" = 6 2 8 10 7

6x4"=10[11]>n=5k+3; kEN




1)5° =1[7]; 5t =5[7]; 52 = 4[7]; 53 = ; ; 5° =3[7]; 5% = 1[7]

56F = 1[7]; 5%K*1 = 5[7]; 55%*2 = 4[7]; 5%*3 = 6[7] ; 55%** = 2[7]; 5%+ = 3[7]

2) 26 = 5[7] = 26°™+5 = 56n+5[7] = 2675 = 3[7]

47 = 5[7] = 471242 = SIINH2[7] o 4712042 = 5OCMI2[7] = 4712042 = 4[7] = 2 X 4712742 = 1[7]
26075 + 2 X 47122 + 3 =3 + 1+ 3[7] = 26%™+° + 2 x 471*2 4+ 3 = 0[7]

3) 265 + 2 x 471272 4 5p =0[7] 3+ 1+ 5n=0[7] = 5n+ 4 = 0[7] = 5n = 3[7]

n=]0]1[2]3]4]5[6][7]
sn=|0|5[3[1]6]4]2][7]

5n=3[7]=n=2[7]>n=7k+2;k€eN

(3) Aalaall SN Cakall ) il Canzar ¢(7) 2l ae Wl (5) alaall J Y1 G phall (8 J sgaall Gl o 5S5 Lal 14300 48,
IS Alsaal) Ja (3558 ¢ sgnall Jobas (e Tl B8 20 e Joand im

5n=3[7]=5n=10[7]>n=2[7]=2n=7k+2;k €N

PGCD(a,b) =d=>a=da’; b=db';PGCD(a’',b’) =1

axXb da' xdb'
PGCD(a,b) =d; PPCM(a,b) =m>mXd=aXb=>m= = 7 =da'b’

1){ atbh=420 . aq+84b' = 420 = 84(a +b') = 420 > @’ + b’ =

PGCD(a,b) = 84
(@, b)) €{(1,4); (4,1); (2,3); (3,2)} = (a,b) € {(84,336); (336,84); (168,252); (252,168)}

2){ axXb =360 $6aIX6b,=360:36(al><b’)=360=>al><b’=10

PGCD(a,b) = 6

(a’,b") € {(1,10); (10,1); (2,5); (5,2)} = (a, b) € {(6,60); (60,6); (12,30); (30,12)}

S (50')? — (5b')? = 825 = 25(a’% — b'2) =825 > a’* — b'> = 33

3) {az—bz = 825
PGCD(a,b) =5
= (a' — b (a' +b') =33

a —b' =1 o
"= "= ! = = V) sl
{a,+b,:33=>2a 34=>a' =17 = b =16 = (a,b) = (85,80) ... .5
a —b' =3 e
= "= "= = L) Aa)
{a,+b,=11:>2a 14>a =72b =42 (ab) = (3520) .4
! I r_ "‘Y"'" a'—b’=11 a’—b’=33.mw‘_w.m
a+b' >a —-b"y uum}sf{a’+b’=3j{a’+b’:1u e




PPCM(a,b)=90 , ,_m_90_
4) {PGCD(a,b)=18'm_dab >a xXb —E—E—S

(a',b") € {(1,5); (51)} = (a,b) € {(18,90); (90,18)}

5) PPCM(a,b) — 9PGCD(a,b) =13 = m—9d = 13 = da’b’ —9d = 13 = d(a’b’ —9) = 13 = d/13
= d €{1,13}

d=1:ab —9=13=a'b’ =22 = (a,b) € {(1,22); (2,11} = (a,b) € {(1,22); (2,11)}

d=13:a'b'—=9=1=a'b' =10 = (a’,b") € {(1,10);(2,5)} = (a b) € {(13,130); (26,65)}

a=5n%>+7;b=n?+2;PGCD(a,b) =d

1)d/a s d/b = d/5h —a = d/5n%* + 10 — 5n2 — 7 = d/3

2) PGCD(ab) = 3> | fore 7 03] on +1 =003]  gon =203

n? = 1[3] n* =

n=3k:PGCD(a,b) =1;n=3k+1v n=3k+2:PGCD(a,b) =3

a=2n+3;b=5n—-2;PGCD(a,b) =d
1)d/a s d/b = d/5a—2b=d/10n+15-10n+4=>d/19=>d=1v d = 19

d=194ad =] 8 ginlad oulsl e b s a olaad) GS 13

2) PGCD(a,b) = 19 = {Z

3[19] s {Zn +3 = 0[19] {Zn = 16[19] _ { n=8[19] _ {n = 8[19]

[19] 7 15n—2=0[19] ~ I 5n=2[19] _ 51 = 40[19] _ ln = 8[19]

PGCD(a,b) =19=>n=19% +8; k€N

a=2n3+5n>+4n+1:b=2n*+n
Da=2n+1D)n?>+2n+1); b=n2n+1) = b sa =ld i auld (2n + 1) 222

2)(n+1)— () =1 =PGCD(n,n+1) =1 (simi ki)




m+1)2—n(n+2)=1 = PGCD[n, (n+ 1)?] = 1 (5w ki )

3) PGCD(a,b) = 2n+ 1)PGCD(n? + 2n+ 1,n) = 2n+ 1) PGCD[(n + 1)%,n] = 2n + 1
1

:09 el
A=n*+n?+1
DA=n*+2n2+1 —-n?=n?*+1D)?-n*=n*+1-nn*+1+n)=n>—-n+1)n*+n+1)
2)a=n*+n+1;b=n>—-n+1
a=nn+1)+1;b=n(n-1)+1
O b sa O sS4k scgbasinm—1) s n(n + 1) ol i as)ae s Cpaliie guase sl O Ly

dla s d/b =dla—b=d/2n; dlasdb =da+b=d/2n?+2=d/2(n*+1)
n?+1—n(n) =1=PGCD(M? + 1,n) = 1 (sim ik )

d/as d/b = d/a—b s d/a+b= d/PGCD(a—b,a+b)= d/PGCD(2n,2(n*+ 1))
PGCD(2n,2(n? +1)) =2x PGCD(n,n*+ 1) =2=>d/2>d=1vd =2

Legin Lash U5l lasall ase « PGCD (@, b) = 1 Ol st ¢« i b s cuoaad) i Ly

110 il
a=1In+3;b=13n-1
1)d/a s d/b = d/13a — 11b = d/50
2)50x — 11y =1
50 = 11(4) + 6 = 6 = 50 — 11(4)
11=6+5=5=11—-6
6=5+1=2>1=6-5
1=6-5=6—(11-6) =2(6) —11 = 2[50 — 11(4)] — 11 = 50(2) — 11(9) = (x0,y0) = (2,9)
50(2) —11(9) =1=50(6) —11(27) =3

{ 50x — 11y =3 = 50(x—6)—11(y —27) =0=50(x — 6) = 11(y — 27)

50(6) — 11(27) = 3

=>11/(x—6)>x—6=11lk=>x=11k+6;k€Z

{ 11/50(x — 6)
PGCD(11,50) = 1

50(x — 6) = 11(y — 27) = 50(11k) = 11(y —27) =y — 27 =50k = y = 50k + 27;k € Z

S={(11k + 6;50k +27)}; k€ Z




=>n = 27[50]

3) PGCD(a, b) = 50 = {a = 0[50] {1171 +3 = 0[50] {1171 = 47[50]

b=0[50] ~ 13n—1=0[50] _ | 13n = 1[50]

>n=50k+27; keN

=>n = 2[25]

4) PGCD(a,b) = 25 = {“ =0[25] {1171 +3 = 0[25] {1171 = 22[25]

b = 0[25] 13n —1 = 0[25] 13n = 1[25]

=>n=25k+2; k€N (ss5k)

324x — 245y = 7 ...(E)

1) 324 = 245 + 79 = 79 = 324 — 245

245 = 79(3) + 8 = 8 = 245 — 79(3)

79 =8(9) +7 = 7 =79 — 8(9)

7 =79 —8(9) = 79 — 9[245 — 79(3)] = 245(—9) + 79(28) = 245(—9) + 28[324 — 245]
7 = 324(28) — 245(37) = (x0,¥o) = (28,37)

{ 324x — 245y =7

324(28) — 245(37) = 7 = 324(x = 28) —245(y = 37) = 0= 324(x — 28) = 245(y — 37)

{ 245/324(x — 28)
PGCD(245,324) = 1

= 245/(x —28) = x — 28 = 245k => x = 245k + 28 ; k € Z

324(x — 28) = 245(y — 37) = 324(245k) = 245(y —37) =y —37 =324k =y =324k +37; k€ Z
S ={(245k + 28,324k +37)}; k€ Z
2) 324x — 245y = 7 = 324x = 245y + 7 = 324x = 7(35y + 1)

{ 7/324x = 7/x = x = 0[7]

PGCD(7,324) = 1
3) PGCD(x,y) =d

e dxsdy =d324x—-245y>d7>d=1vd=7
e d=7=>y=0[7]=324k+37=0[7] = 2k+2=0[7] > 2k =5[7] = k = 6[7]

=>k=7k' +6=>x=245(7k"' +6) + 28 = 1715k’ + 1498 ; k' € Z
y = 324(7k' + 6) + 37 = 2268k’ +1981; k' € Z

S ={(1715k' + 1498,2268k' +1981)}; k' € Z




112 Gl
1) 1996 = 22 x 499 ;1497 = 3 x 499 ;2994 = 2 x 3 X 499 = PGCD(1996,1497,2994) = 499
2) 1996x — 1497y = 2994 ... (1)

3/4x

PGCD(3.4) = 1 =>3/x=>x= 0[3]

(1):>4x—3y=6=>4x=3y+6:>4x=3(y+2);{

2/3y

2 = 0[2
PaeD(23) =1~ Y =y =002

(1)=>4x—3y=6$3y=4x—6$3y=2(2x—3);{

4x—3y=6>3y=4x—6=4(3k)—6=12k—6 =34k —2) >y =4k —2
S={Bk;4k—-2)}; ke
xy = 1950 = 3k(4k —2) = 1950;12k? — 6k — 1950 = 0; A’=9 + 12(1950) = 23409

3-153 125 (ins )_k"_3+153
BV N AT

k' =13;(x;y) = (39;50)

13 el
D4x -9y =19=24x=9y+19=29y+19=0[4]=>y+3=0[4]=>y=14]=>y=4k + 1
4x =9(4k +1) + 19 =36k +28 =4(% +7) > x =%k + 7= S = {(Ok + 7; 4k + )} ;k € Z

Dd|xsd|ly >dlax-9y =d|19=>d=14d=19

>k =19k" + 14

19 {x 2 0[19] {9k + 7 =0[19] {9k = 12[19] {k = 14[19]

0[19] ~ W4k + 1 =0[19] ~ 4k = 18[19] ~ lk = 14[19]

X =9(19k" + 14) + 7 = 171k’ + 133 ; y = 4(19k" + 14) + 1 = 76k’ + 57 ;k' € Z
S ={(171k' +133; 76k’ +57)};k' € Z

3) 4a% — 9h2 = 19 = (2a — 3b)(2a + 3b) = 19

La sall 8 e G 1M ¢ (—a; —b) 5 (a; —b) ¢« (—a; b) <okl SliSs ¢ Asladll Sa (@; b) ALl il 13) 45 JaaDls
(2a —3b) < 2a + 3b) osS Sk 5 ¢ Lasd

2a—3b=1

2a_|_3b:19:>4a=20:>a=5;b=3

(2a — 3b)(2a + 3b) = 19 = {

S={(5;3); (=5;3); (5-3); (=5;-3)}

1D5x—3y=2=5x—2=3y=>5x—2=0[3]=22x=2[3]>x=1[3]=2x=3k+1
3y=5x—2=3y=5Bk+1)—-2=15k+3=305k+1)=>y=5k+1

S={Bk+1;5k+1)}; ke




A=5+45x

A=743y =X +T5=3y+7=5x=3y=2= (xy)=Gk+15k+1)

11

{5<x£12 {5<3k+1£12 {4<3ks11 <k

3 Lk g
7<y<20  7<5k+1<20" l6<5k<19 19T h=25k=3
5

<k

e k=2=(0y)=(7;11)=>A=5(7)+5=40
e k=3=(xy)=(10;16) = A=5(10)+5 =155

1)8x —5y =3

8(1)-5(1)=3=8(x—-1)-5(—-1)=0=8>x—-1)=5(y—1)

5/8(x — 1)
5/(x—1)=>x—1=5k = x=5k+1
{PGCD(5;8)=1:> [(x=1)=x - *

8x—1)=5(y—1)=805Bk)=5(y—-1)=y—-1=8k=>y=8k+1
S={(5k+1;8k+1)}; keZ
2)ym=8p+1=5q+4=8p—-5q=3=>({p;q) €S

m=8p+1=805k+1)+1=40k+9 =m=9[40]

1991
m>2000:>40k+9>2000:>40k>1991:>k>T:>k>49,775:>k=50=>m=2009

3) 23k = (23)k = 8¥;8 = 1[7] = 8K = 1[7] = 23k = 1[7]

22009 = 22 x 22007 = 4 x 23(669) = 22009 = 4[7]

4) N = a00b = 103a + b

10 = 3[7] = 10% = 33[7] = 10° = 27[7] = 103 = 27 — 28[7] = 103 = —1[7]

103 = —-1[7] > 10%a+ b = —a + b[7] = N = —a + b[7]

N =0[7] = —a+ b =0[7] = a = b[7]

(a,b) € {(1,1);(2,2); (3,3); (44); (5,5); (6,6); (7,7); (8,8); (9,9); (7,0); (1,8); (8,1); (2,9); (9,2)}

N € {1001;2002;3003; 4004; 5005; 6006; 7007; 8008; 9009; 7000; 1008; 8001; 2009; 9002}

: 16 Cnaill
Dx?24+x+3=0[5]2x2+x+3-5x=0[5]>x2—4x+3 =0[5]= (x — 1)(x — 3) = 0[5]
= x = 1[5] sl x = 3[5] (+ =)

2) 24x + 34y = 2;24(17k — 7) + 34(5 — 12k) = 408k — 168 + 170 — 408k = 2 (I sl




3)N=42T3=1+(2%x5)+(4x5%)=111=18%x 6+ 3 = (3 x 62) + 3 = 303 (= ')
4) 1432 = 1[3] = 14322011 = 1[3] (w5l
5Ya=nn+2);b=n+1;b*—a=1= PGCD(a,b) =1 (s5») (=)
2 17 G el

p2|a+b
p*|ab

1) PGCD(a + b; ab) = p* = {

:>p2|a(a+b)—ab:>p2|a2:>p|a2:>p|a(gljip&31)

p?|a+b

p? | ab = p2|b(a+b)—ab=p2|b>=p|b2=p|b(Lsp3N)

PGCD(a + b; ab) = p?* = {

PGCD(a,b)zd:{dla:o{d“H_b

=>d|p?=de{lpp?
215> dlab |p {1,p,p?)

PGCD(a,b) = p? s PGCD(a,b) = p 4« PGCD(a,b) # 1 oY ¢ S5 4V 1 go Galiy s 5 b anity 5 pnity p & Ly

2){p2:49:>{p=7 :>{d=7 \:>{d=49 (231(:»:5,1‘2(49&\2(04!)5)4)=>d=7

m=231 m=231" ln=231" m = 231
d=7=>a=7a;b=7b";PGCD(a’,b") =1
m=231=d.a.b'=231=a’.b' =33 = (a,b") € {(1,33);(33,1); (3,11); (11,3)}

= (a,b) € {(7,231) ; (231,7); (21,77); (77,21)}

a, =4X10"—1¢b, =2x10"—1¢c, =2x 10"+ 10
1) b; =2%x103—1=1999; c; =2x 103+ 10 = 2010
e 10=1[3]=10"=1[3];4=1[3] 24X 10" —1=0[3] = a, = 0[3]
10=1[3]>10"=1[3];2=-1[3] 22 x 10"+ 10 = 0[3] = ¢,, = 0[3]
V1999 ~ 44,7

« {1;2;3;5;7;11;13;17; 19; 23; 29; 31; 37; 41; 43} 40all slae¥) e 6l Ao dandll Ji&y ¥ 1999 2aall G Ly
sl ) sed

by x (€, —9)=(2%x10"—1)(2x10"+10-9)=(2x10" —1)(2x 10"+ 1)
=4x10"" -1 =ay,

g = g3y = by X (c3 = 9) = 1999 x 2001 = 1999 x 3 X 23 X 29

¢ = by + 11 = PGCD(b,, , ¢,) = PGCD(b, , 11)

d = PGCD(b, ,c,) = d =PGCD(b,,11)=d=1sd=11

d=14ad # 11 3 ¢ Jsl by 2320 & Ly




2) 1999x + 2010y = 1 ... (E)

T2 S B e Jii (B) Aitaall aa ¢ PGCD(1999,2010) = 1 &8 ¢ 15f 1999 s3al) & L

1999x + 2010y = 1
{ X Y = 1999(x + 731) + 2010(y — 727) = 0 = 1999(x + 731) = 2010(—y + 727)

1999(—731) + 2010(727) = 1

{ 2010 | 1999(x +731) _ 514 | (x +731) = x + 731 = 2010k = x = 2010k — 731

PGCD(1999,2010) = 1
1999(2010k) = 2010(—y + 727) = —y + 727 = 1999k = y = —1999%k + 727

S = {(2010k — 731; —1999k + 727)}; k € Z

Dn?+5m+4=n+1Dn+4)=>n+1) il Js(n? +5n+4)
n+3n+2=n+1DN+2)=>n+1) e iwdl dsy(n? +3n+2)

2)3n2+15n+19=n+1DBn+12)+7;(n+1)/Bn?+15n+19) > (n+1)/7=2n=0vn=6

3)n2+3n+2/3n*+15n+19=>n+1/3n*+15n4+19=>n=0vn =6

o n=0:2/19 (dniw)
o n=6:56/217 (Jniw)

n? + 3n + 2 222 e Al & Y 3n? + 150 + 19 2asll {13 e

: 20 Cn el
1) 584 =23 X 73 =2 51 A 584 aaal) audi Lila ya Al SlaeY)

2) PGCD(a,b) =d;a=da’;b=db";PGCD(a’,b") =1

{ a+b=32 :{ d(a"+b") =32

4;d2/584=>d=1vd=2

a’?+b?> =584 " (d*(a’* + b'?) =58

° d:l:{a+b=32 { b'=32—-a

a'? +b'? =584 a?+ (32—-a')? =584

a'’ + (32— a')? =584 = 2a'2 — 64a’ + 1024 = 584 = 2a'2 — 64a’ + 440 = 0
=a?-32a'"4+220=0; A'=36;a'=10va =22

(a',b") € {(10,22); (22,10)} = (a, b) € {(10,22); (22,10)}

° d:Z:{a+b=16 { b'=16—a

a?+b'% =146 a?+ (16 —a')? = 146
a'>+ (16 —a')? = 146 = 2a'? — 32a’ + 256 = 146 = 2a’> — 324’ + 110 = 0
=a?—-16a'+55=0; A'=9:;a' =5vad =11

(@', b") € {(5,11); (11,5)} = (a, b) € {(10,22); (22,10)}




1) 3°=1[10]; 3' = 3[10]; 32 =9[10]; 33 = 7[10]; 3* = 1[10]
34k = 1[10]; 3*k+1 = 3[10]; 3*+2 = 9[10] ; 3**3 = 7[10]

2) 63 = 3[10]; 9 = —1[10] = 92°°2 = 1[10] ; 7 = —3[10] = 74?2 = 34(359)+2[10] = 71422 = 9[10]

63 x 92002 _ 71422 = _g[10] = 63 x 92002 _ 71422 = 4[1(]
=3[10] =1[10] =9[10]

3)3n X 9™ = 3n x 32" = 32"l x n; 7 = —3[10] = 72" = —327*1[1(]
3n X 9" 4 7201 = 32041 32041110] = 3n x 9" + 727 = (n — 1) x 3271[10]
4)3n x 9" + 72"+l = 0[10] = (n — 1) x 321 = 0[10]
(n—1) = 0[10] & Gaas A8 2881 sl &) it ¢« 32741 = 7[10] s 327+ = 3[10] Gl ¢ 528 2n + 1 222l & Ly
n = 1[10] g}
:22 Cppald)

1) 4° = 1[11]; 4! = 4[11]; 4*> = 5[11]; 4% = 9[11]; 4* = 3[11]; 4° = 1[11]
45k —

1[11]; 45%+1 = 4[11]; 45%+2 = 5[11]; 45%*3 = 9[11] ; 45k = 3[11]
2) 15 = 4[11] = 1557+ = 457+1[11] = 155"+ = 4[11]
26 = 4[11] = 26°™+2 = 45"+2[11] = 265"*2 = 5[11] = 2 x 2652 = 10[11]
125 = 4[11] = 125°™*+3 = 457+3[11] = 1255"*3 = 9[11] = 3 x 1255™*3 = 5[11]
k=151 —2 x 262 + 3 x 125°"*3 + 1=k =4—-104+5+ 1[11] = k = 0[11]
3) 15°57*1 4+ 265"*2 + 3n = 0[11] 2 4+ 5+ 3n = 0[11] = 3n + 9 = 0[11] = 3n = 2[11]

=>3n=24[11]>n=8[11] >n=11k + 8

8<n<50=>8<11k+8<50=>0<11k<42=0<k<3,8=ke{0;1;2;3}
=>n € {8;19;30;41}

1) 2688 = 27 x 3 x 7;3024 = 2* x 33 x 7 ; PGCD(2688;3024) = 2* x 3 x 7 = 336
2) 1) 2688x + 3024y = —3360 ... (1) = 8x + 9y = —10... (2) (336 e deusill 22y)
<) 8(1) +9(-2) = =10 = (2) Abrall pals da (1; —2) 4
NP):x+2y—2z=-2;{P):3x—y+5z2=0
.

i(1;2;-1); n'(3; —1; 5);§¢_%=>71H7=> (P)n(P) =(d)

o xX+2y—z=-2 5x + 10y — 5z = —-10 _
.M(x,y,z)e(d):{gx_y_l_SZ:O=>{ 3% —y+52=0 = 8x+9y =-10

(2) Aabaall 333 (@) Lot cililas) B i



{ 8x +9y =-10

8(1) +9(-2) = —10 =8~ D+ +2)=0=8G -1 =9(-y-2)

{ MBG—1) L g/y—1)mx—1=9ksx=9k+1:keZ
PGCD(8;9) = 1
8(9k) = 9(—y—2) > —y—2=8k=>y=—8k—2;k€eZ

(k;2) € 7% & (E) = {(M(9k + 1; =8k — 2; 2)} : o Fapnaa dlae] Lgildilas) i (@) Lo de sama O it

: 24 Cnpall)
1) PGCD(a;b) =d; PGCD(x;y) =d’

d/a d/2a + 3b d/x ,
{d/b = {d/3a +ap {d/y = d/d

{d’/x s {d’/Za +3b _ {d’/3(2a +3b) —2(3a +4b) _ {d’/a = d'ld

d'ly “\d'/3a+4b ~ |d'/3(3a+4b) —4(2a+3b) ~d'/b
d/d' s d'/d=>d=d
d=1=>d' =
2)x=2a+3B;y=3a+4B;PGCD(x;y) = PGCD(a; B) =5;x =5x";y =5y’; PGCD(x;y") =1

{xy = 2200

P = 25x'y' =2200=>x"y' =88 = (x',y') € {(1,88); (8,11)}

= (x,y) € {(5,440); (40,55)}

{2a+3ﬁ=5 {a’=1300

2l Y i s
30+ 48 =440 ~ | = —865 (ke sl Y 0258 1)

@Z 1 ig i :;Hs) = {;:fo = (a; B) = (5;10)

1) a =2310, =2n®+3n?+n;b =252, =2n> +5n +2
23 +3n2+n=0Cn+ "% +n) = 2n+1/a
2n2+5n+2=0C2n+1)n+2)=>2n+1)/b

d = PGCD(a;b) = 2n+ 1) Xx PGCD(n? + n;n + 2)
dr

n”+n=m+2)n—-1)+2=d =PGCD(n+2;2)=>d =1vd =2
d=0Cn+1)xd =>d=2n+1vd=22n+1)

2)n=6:a=546;b=104;d = 26




ax + by = —26 = 546x + 104y = —26 = 21x + 4y = —1 ; dabadll jala Ja (—1; 5) 4l G Laadls

{ 21x +4y = -1

21(1) 4 4(5) = -1 = 21 F D+ =5 =0=21(x+1) = 4(-y +5)

{ 4/21(x + 1)

S4/(x+1) >x+1=4k>x=4k—1:keTZ
PGCD(4;21) = 1 [+ =x x

21(4k) = 4(—y+5)=>—y+5=21k=>y=—-21k+5;k €L

S={(4k—-1;-21k+5)};k€Z

D

. 610 =(6%)5 =36%;36 = 3[11] = 36° = 35[11];3° = 243 = 35 = 1[11] = 6'° = 1[11]

<. 6 =1[5] = 6* = 1[5]

z. 612 =1[11] = (619* = 1[11] > 6*° = 1[11]; 6* = 1[5] = (6%)!° = 1[5] = 6*° = 1[5]
{640 = 1[11]

640 = 115 = 6 = 1[55] = 6% —1=0[55] (PGCD(11,5) = 1)

2)

i, 65x—40y = 1...(E); PGCD(65,40) = 5;1 & ¥5;5 = @
<. 17x — 40y = 1...(E") ; PGCD(17,40) = 1;3a J8Y e i dlaladl)
z. 40=17X2+6;6=40—17 X2
17=6X2+5;5=17 —6 X2
6=5+1;1=6-5
1=6-5=6-(17-6x2) = 17(—=1) + 6(3) = 17(=1) + 3(40 — 17 x 2)
=17(=7) = 40(=3) = (x0,¥0) = (=7,-3)
{17(i77’§ - ig{__g)t L 217 +7)—40(y +3) = 0= 17(x +7) = 40(y + 3)
{ 40/17Ce+7) 40/ +7) > x +7 = 40k = x = 40k — 7 : k € .
PGCD(40;17) = 1

17(40k) = 40(y +3) > y+3=17k >y =17k —3;k € Z
S={(40k —7;17k —3)};k € Z
17xy = 1[40] = 17xy =40a + 1 = 17xy —40a =1 = x; = 40k — 7

0<x<40=>0<40k—-7<40>7<40k<47=>0175<k<1175=>k=1>=x, =33

a'’ b[55] b33 = (q17)33[55 p33 = ¢561[55 p33 = 560 55
3) a40 1[55] = - (a ) [ ] = =a [ ] = =a X a[ ]

= b33 = (a*®)* x a[55] = b33 = a[55]

1) 3% =1[11]; 3t = 3[11]; 32 = 9[11]; 33 = 5[11]; 3* = 4[11]; 3°> = 1[11]

35k = 1[11]; 35%+1 = 3[11] ; 3%%+2 = 9[11] ; 35K*3 = 5[11] ; 35K** = 4[11]




2) 69 = 3[11] = 69107+6 = 310n+6[11] = £9107+6 = 352n+D+1[11] = 6910n+6 = 3[11]
= 4 x 69107+6 = 1[11]
58 = 3[11] = 5820n+13 = 320n+13[11] = 5820n+13 = 35(4n+2)+3[11] = 5820n+13 = 5[11]
= 7 x 5820n+13 = 2[11]
4 x 6910746 | 7 x 5820n+13 _ g =1 4 2 — 8[11] = 4 x 69107+6 4 7 x 5820n+13 _ 8 = ¢[11]
3) 36 = 3[11] = 36°™ = 3°"[11] = 36°" = 1[11] = 36°" x n = n[11]
14 = 3[11] = 145™3 = 357+3[11] = 145"*3 = 5[11]

n? +36°" xn+14°"*3 4+ 5=0[11] =2 n? + n + 10 = 0[11]

n 0 1 2 3 4 10
n? 0 1 4 9 5 1
n+ 10 10 | 1 5 0 8 10

n? +

n24+n+10=0[11]=>n=3[11]sin=7[11]2n=11k +3 sn=11k+7;k € Z

4) 80 = 3[11] = 803™+2 = 337+2[11]; 91 = 3[11] = 9137+! = 33n+1[11]

8037+2 x B + 9131 = 0[11] = 33"*2 x B + 33™+1 = 0[11] = 33™*1(38 + 1) = 0[11]
=>38+1=0[11]=38=10[11]>8=7[11]=>B=11k+7; k€L
IB|<20=>-20<B<20=>-20<11k+7<20=>-27<11k<13>-245<k < 1,18
>k e{-2;-1;0;1} = B € {—15;—4;7;18}

5) 14 = 3[11] = 14* = 3*[11]; 25 = 3[11] = 25 = 37[11]

X = Sk+1 Sk +2

= 3%
g 37 = ?

5k’ 10
5k' +1
5k' + 2
5k' + 3
5k' + 4

3* +3Y =8[11] = (x,y) € {(5k + 1;5k’ + 3), (5k + 3; 5k’ + 1), (5k + 4; 5k’ + 4)}; (k, k") € N?
: 28 Cpoald)

1){ Sx—2y =1 D —200-1) =023 —1)=2(y—1)

3(1)—2(1) =1

{ 2/3(x — 1)
PGCD(2;3) = 1

>2/(x—1)=2>x—1=2k=>x=2k+1;keZ

32k) =2(y—-1)=>y—-1=3k=>y=3k+1;k€eZ

S={QRk+1;3k+1)};keZ




2)

I 3(14n+3)—2Q1In+4)=42n+9—-42n—8=1= (14n+3;21n+4) €S
<. 3(14n +3) —2(21n+4) = 1= PGCD(14n + 3;21n + 4) = 1 (5x)

3)d = PGCD(2n + 1; 21n + 4)

d|21n + 4

=>n = 6[13]

<. d=13=>{2”+150[13] :>{2n512[13]:>{2n512[13]

21n+4=0[13] 1 8n = 9[13]  8n = 48[13]
4)A=21n>—17n—4;B=28n3—-8n>—-17n—-3

I 21n?2—17n—-4=(m-1)Q21In+4); 28n*-8n* —17n—3 = (n — 1)(28n? + 20n + 3)
@. PGCD(A4;B) = (n—1) x PGCD(21n + 4; 28n? + 20n + 3)

PGCD(4; B) = (n — 1) x PGCD(21n + 4; (14n + 3)(2n + 1))
OB ¢ legin e W51 140 + 3 5210 + 4 ol O e
PGCD(4; B) = (n— 1) X PGCD(21n + 4; 2n + 1)
1) i 4

e n=13k+6: PGCD(21n+4;2n+1) = 13 = PGCD(4;B) = 13(n — 1)
e n#13k+6: PGCD(2In+4;2n+1) =1= PGCD(4;B) =n—1

1) 11n—24m =1..(1)
i, PGCD(11,24) = 1 = da J&Y e Jii daladl)

- {111(1’1’)__2;1?5 ! | = 11(n—11) = 24(m = 5) = 0 = 11(n — 11) = 24(m — 5)

224 (n—-11)>n—-11=24k=>n=24k+11;k€Z

{ 24/ 11(n — 11)
PGCD(24;11) =1

11(24k) =24(m—-5)=>m—-5=11lk >m=11k +5;k €Z

S={(24k +11;11k +5)};k € Z

10 = 1[9] = 10! = 1[9] = 10" — 1 = 0[9] = 9] 10" — 1
10 = 1[9] = 1024 = 1[9] = 102 — 1 = 0[9] = 9| 102* — 1
_ (1017 — 1) — 10(1024™ — 1) = (1011(24k+11) _ 1) _ 10(1024(11k+5) _ 1)
— 10264k+121 _ 1 _ 10264k+121 4 {0 = 9
Al A3y b

1In—24m=1> 11n = 24m + 1 = (101" — 1) — 10(10%™ — 1) = 101" — 1024m*1 + 9 =9




z. 10117 —1 = (101" — 1 = (101 — 1)(10M1~D 4 1011(=2) 4 ... 4 1011 4+ 1) = 101! — 1| 101" — 1
1024 — 1 = (10%)™ — 1 = (10%* — 1)(1024(m~D) 4 1024(m=2) 4 ... 4 1024 + 1) = 102* — 1] 102%™ — 1
(101" — 1) —10(10%4™ — 1) = 9 = (101! — 1)(101* ™D 4 .. 4+ 1) — 10(10%* — 1)(10%#m D 4 ... + 1) =9
= N = (1011070 4 10102 4 . 101 + 1) 5 M = (102471 4 10240m=2) 4 ... 4+ 1024 + 1)

{d|1011—1
d|102* —1
d|o9
9|10 — 1 = PGCD(10' — 1;10%* — 1) = 9

9]10%% -1

= d| (10" — 1N - (10* - 1)M = d |9

1) PGCD(x,y) =d > x =dx";y =dy'; PGCD(xX',y") =1

PPCM(x,y) =m=>md=x.y=>m.d=d?x".y 2m=d.x".y =>m?=d%x'%y"?
m? — 5d2 = 2000 = d2.x'%.y'* — 5d% = 2000 = d2(x'%.y'? — 5) = 2000 = d? | 2000
2)2000 = 2% X 53 = 20-10-5-4-2-1: 2000 2321 Lalill dny jall ausl 3l

3) m? — 5d? = 2000 = m? = 5d2 + 2000

5|5d2 +2000 = 5|m? = 5| m (s 2= 508) = m =5k

5d2 = m? — 2000 = (5k)? — 2000 = 5(5k2 — 400) = d? = 5k? — 400 = 5(k? —80) = 5|d? = 5|d

{ Sld = d € {5;10; 20}
d?|2000

4)d =5:m? = 5(5)% + 2000 = 2125 (a5 &0 ol 2125 2381 oY a5 )
d =10 : m? = 5(10)% + 2000 = 2500 = m = 50

d = 20 : m? = 5(20)2 + 2000 = 4000 (5 23 0 4000 2320 ¥ (a8 1)

m
m=d.x".y' =x".y = i =5=(x",y")=(5) = (x,y) = (10,50)

1) 2006 = 2 X 17 X 59

16x + 59y = 2006 = 16x = 2006 — 59y = 59(34 — )

{ 59| 16x =59 |x=>x=5%;keZ

PGCD(59;16) = 1
2) 16x = 59(34 —y) = 16(59k) =59(34 —y) > 34—y =16k = y = —16k + 34;k € Z

S ={(59%;—16k +34)};k € Z




k>0
343 0< k<2125 k € {1;2} > (x,) € {(59,18); (118,2)}
16

x>0 59k > 0
3) {Y>0:>{—16k+34>0:> k <

4) 16m + 59d = 2006 = {m {m =_1218

Y Y |
d=18 (59e~ﬂa 18 ¢ ua,ﬂf)}

(M7 sab=md=236>d%a.b' =236 > a"b' = 2% =59 = (a,b') € {(59,1); (1,59)}
= (a,b) € {(118,2); (2,118)}
: 32 el

1) 3°=1[7]; 3t =3[7]; 32 ; 33 = ; 3% = 4[7]; 3° = 5[7]; 3% = 1[7]

30k = 1[7]; 36%*1 = 3[7]; 3°K+2 = 2[7]; 3°K*+3 = 6[7]; 36K** = 4[7]; 3%K+> = 5[7]

40 = 1[7]; 4* = 4[7]; 4% = 2[7]; 43 = 1[7] = 43k = 1[7]; 43k+1 = 4[7]; 43k*+2 = 2[7]
2) 2006 = 4[7]; 20063712 = 437%2[7] = 2 x 20063"12 = 4[7]

1424 = 3[7]; 14246n+1 = 36n+1[7] = 142457+1 = 3[7] = 2 X 20063"+2 4 142467+1 = ([7]
Nu, =2x3"+3x4"

LS, =ugt+ o tu, =2 +2%x34+2x3%24++2x3)+B+3x4+3x4%+-+3x4")

n+l _ 4n+1_1
Sn=2(1+3+32+---+3”)+3(1+4+42+---+4”)=2<T>+3<T>

Sn — 3n+1 + 4n+1 -2

@ S, =0[7] 2 3™ + 471 — 2 = 0[7] = 3" + 471 = 2[7]

n+1

6k

6k +1

6k + 2

6k + 3

6k +4

3n+1

3

2

6

4

4n+1

4

2

1

4

0

1

3n+1 + 47’L_+1 = 0 4

3+l 4 gntl = 2[7] > n+1=6k=>n=6k—1;k € N*

1)91x + 10y = 1...(1); 91x + 10y = 412 ...(2)
. 91(1) +10(=9) = 1 = (1) drall Lala Ja (1, —9) 4Ll
91(412) + 10(=3708) = 412 = (2) {aleall ala Ua (412, —3708) 4l

91x + 10y = 412
{ x+ 10y = 91(x — 412) + 10(y + 3708) = 0 = 91(x — 412) = 10(—y — 3708)

91(412) + 10(—3708) = 412

{ 101910 = 412) 10/ ( _ 412) > x — 412 = 10k = x = 10k + 412k € Z

PGCD(10;91) = 1
91(10k) = 10(—y — 3708) = —y — 3708 = 91k = y = —91k — 3708 ; k € Z

S ={(10k + 412; —91k —3708)};k € Z




2) A, = 32" - ;9=1[8] = 9" = 1[8] = 9" — 1 = 0[8] = 4, = 0[8]
3) Asx + A,y = 3296 = 728x + 80y = 3296 = 91x + 10y = 412 = S = {(10k + 412; 91k — 3708)} ; k € Z

{aZO { 10k +412>0 :>{k2—41,2

B=071-91k-3708 20 lk<-407 k=—-41=(ap)=(223)

(@ + B)A, +10 = 25 x 80 + 10 = 2010

1) 9° = 1[11];9' = 9[11] ;9% = 4[11] ;9% = 3[11];9* = 5[11];9° = 1[11]

95k = 1[11];95%*1 = 9[11] ; 9°%+2 = 4[11] ; 9°k+3 = 3[11] ; 95%** = 5[11]

2) 1431 = 1[11] = 1431™ = 1[11] ;1993 = —9[11] = 1993°" = 95(2™M[11] = 19931°" = 1[11]
2011 = 9[11] = 20115™+1 = 957+1[11] = 201151 = 9[11]

1431™ + 199310" + 201157+ = 0[11]

3) {1431" + 5n + 2011571 = 0[11] N {Sn + 10 = 0[11] N { 5n = 1[11] N { n = 9[11]
90 <n <100 90 <n <100 90 <n <100 90 <n <100

=>n=97

{n=11k+9:>{ n=11k +9 { n=11k +9 {n=11k+9

90 <n <100 90 <11k +9< 100 7,36 < k < 8,27 k=38

1) B(1;3;5);71(-2;1;1);(Q):x —2y+42z—9=0
A(-211D); n(1;-2;4); An =—2—-2+4=0= (P) L (Q)

1-23)+4(5)-9 6 _2V21
JIZ+ (22 +42 21 7

2)d(B; (8)) =d(B;(Q)) = |

3)M(x;y;z)E(P):W.ﬁ=0=>—2(x—1)+(y—3)+(z—5)=0:—2x+y+z—6=0
x=2k—-5
4)(A):3y =3k —5;k e R;A(—-9;—4;—-1)
z=k+1
. =2(-9)—-4-1-6=7=2A4¢(P); -9-2(-4)+4(-1)—-9=-14>A¢ (Q)
. AM?=R2k-54+92?+Bk-5+4)?+(k+1+1)?= (2k+4)?+ Bk —-1)?+ (k +2)?
= 4k? + 16k + 16 + 9k? — 6k + 1 + k? + 4k + 4 = 14k? + 14k + 21 = 7(2k? + 2k + 3)
- f(k) =2k?*+ 2k +3
o f'(k)=4k+2=22k+1)

k < —%:f’(k) < 0= f(k)iailiia; k > —;f’(k) 2 0= f(k) 3 e

o AMiidl 5 ) =0>k=—-2>M(-6-2;3)
PGCD(2k — 5,3k —5) = d




e d|2k-55d|3k-5=d|2(3k-5)—-3(2k—-5)=>d|5

_ 2k — 5 = 0[5] {Zk = 0[5] _ e
) d_5:>{3k—550[5] 3k50[5]:>k_0[5]:>k_5a'aEN
a € N* &aa M(10a — 5; 15 — 5; 5 + 1) : o derpb lolaci Lildlaa) (585 Gl (A) astioal) o M Ll de gane

My(5;10;6) : 5 sxub Ja Jf

: 36 Cpadll

{a=5n+3_nEN

b=2n+1"
1) 2a—5b = 1= PGCD(a,b) = 1 (53»)
2)x=5m+3;y=2m—-1,meN

. 2x—5y=11
<. PGCD(x,y) =d
e dlxsd|ly=d|2x—5y=d|11=2d=14d=11
x = 0[11] {Sm + 3 =0[11] {Sm = 8[11]

y=0[11] " 2m-1=0[11] ~ [2m = 1[11] =>m=6[11] >m =11k +6

° d=11:>{

= x=5(11k+6)+3=55k+33;y =2(11k+6)—1 =22k +11;k €N

1) 4 = —1[5] = 4*" = 1[5]

2)3%=1[5]; 3! =3[5]; 32 = 4[5]; 3% =

3%k = 1[5]; 3*+1 = 3[5]; 3%k*+2 = 4[5]; 3*k*3 = 2[5]

3) 1428 = 3[5] = 14282009 = 32009[5] = 14282009 = 34(502)+1[5] = 14282009 = 3[5]
4) A, =2+ 42"+ 3"

A,=0[5]=23"+3=0[5]=>3"=2[5]>n=4k+3;k€eN

1)23x—17y =6

23(1)-17(D)=6=>23(x—-1)—17(y = 1) =0=>23(x—1) = 17(y — 1)

{ 17/23(x — 1)
PGCD(17;23) = 1

217/(x—1)=>x—-1=17k=>x =17k + 1

23(x—1)=17(y—-1)=223(17k) =17(y—-1) =2y —-1=23k =2y =23k + 1
S={(17k+1; 23k +1)}; keZ

2)A=23x+2=17y+8=>23x—17y =6 = (x;y) = (17k + 1; 23k + 1)




k=0: (x;y)=(1;1);4=25=34,
k=1: (x;y) = (18;24) ;4 = 416 = 1133,
k=2: (x;y) = (35;47) ; A = 807 = 2232,

1) 7° = 1[10]; 7 = 7[10]; 72 = 9[10]; 73 = 3[10]; 7* = 1[10];

74 = 1[10]; 741 = 7[10]; 7***2 = 9[10]; 7**3 = 3[10]

74k 4 74k+1 4 74k+2 4 74k+3 =1 17 49 4 3[10] = 74k 4 74k+1 4 74k+2 | 74k+3 = 0[10]
2)S,=1+7+7%4 -+ 7"

o S, =S, =7Vlp7niz g3 pontd g S =0[10] = S,.4 = S,[10]
e S, =14+7+7*+-+7"
v n=4k:S, =1[10]
n=4k+1:S, = 8[10]
n=4k+2:S, =7[10]
n=4k+3:S,=0[10]

DN, =pla’?> =10+ 12 + 11 x 122 = 1606

2)N, =1131=7 x 122 + 10 X 12 + 3 = 7a31?

VN =a,a,-1 . aa, 2 = ap + a1 X 12+ + @, X 12" = N = a,[12]
=0[12] =0[12]
= N =12k + ay = 3(4k) + ay = 3k + ag = N = ay[3]
3 liclas 12 el (53 Alaill 8 oalal 8 ) (IS 13) 3 e dasdll aae Jiy ¢ A
N, = 7a3'2 = N, = 3[3] = N, = 0[3] (1131 = 3 X 377)
<) 12 = 1[11] = 12P = 1[11] = a,12P = q,[11]
N=ay+a, X124+ --+a, x12"=> N =ay+ a, + -+ a,[11]
113 belas 12 (el (53 Alaill 8 4ald )i & sama OIS 13 ] Ao dandl) sae Jiy 2 dag
Ny=PBla'?; B+1+a=11+14+10=22=2x11= N, = 0[11] (1606 = 11 X 146)

N = 0[3] y = 0[3] y € {0; 3; 6; 9}
N50[11]:>{x+y+450[11]:>{x+y+450[11]

4)N=W12;N50[33]=>{

=>x=7=y) =(7;0)
>x=4=(;y) =(43)
I=2x=1=(x;y) =(1;6)
=2>x=9=(;y)=(99)




8x +5y=1..(F)
1) 8(2) +5(=3) =1 = (E) dlxall ala da (2, —3) 4l

8(x—2)+5(y+3)=0=>8(x—-2)=5(-y—3)

5/8(x — 2)
5/(x — 2 _2=5k=x=5k+2
{PGCD(5;8)=1:> /=2 =x X =Sk

8(5k) =5(-y—-3)>-y—-3=8k>y=-8k—3
S={5k+2; -8k—-3)}; ke

N=8a+1
2) {N=5b+2

. 8Ba=N—-1;5b=N—-2;8a—-5b=N—-1—N+2=1= (E)dxall Ua (g, —b) 43
<. a=5k+2=>N=80Gk+2)+1=40k+ 17 = N = 17[40]

3) 8x + 5y = 100; 8(200) + 5(—300) = 100 = S = {(5k + 200; —8k — 300)}; k € Z

= k € {—38,—-39} = (x,y) € {(10,4); (5,12)}

{8x+5y=100:{5k+200>0 {k>—40

x>05y>0 —8k—300>0 (k<-375

1) (2n+1)—2(n) =1= PGCD(n,2n+1) = 1 ()
2)a=n+3;=2n+1;PGCD(a,B) =d
. dlasd/f=dl2a—pB=d/5
a=0[5] (n+3=0[5] n = 2[5]
{,B = 0[5] :>{2n+ 1=0[5] :>{2n = 4[5]

Na=n*+2n*-3n=mn-1)"n*+3n); b=2n* -n—-1=m-1)2n+1)

>n=2[5]>n-2=0[5]

4) PGCD[n(n+3),2n+ D] =d’

L dn+3s5d2n+1=>dnn+3)sd/2n+1=d/PGCD[n(n+3), 2n+ 1)] = d/d’
dinn+3)sdI2n+1=>dIn+35d12n+1=>dlPGCD(n+3,2n+1)=>dld
d/d' sd'/d=>d=d

<« PGCD(a,b) = (n—1)PGCD[n(n+3),2n+1)]=Mn-1)d'=(n-1)d
e n=5k+2:d=5=PGCD(a,b) =5(n—1)
e n#5k+2:d=1=PGCD(a,b)=n—1
z. n=2001=5(400)+1 = PGCD(a,b) = 2001 — 1 = 2000
n = 2002 = 5(400) + 2 = PGCD(a,b) = 5(2002—-1) =5x 2001 = 10005




